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1. In tro duction

Uni�cation is a fundamen tal pro cess up on whic h man y metho ds for automated de-

duction are based. Uni�cation theory abstracts from the sp eci�c applications of

this pro cess: it pro vides formal de�nitions for imp ortan t notions lik e instan tiation,

most general uni�er, etc., in v estigates prop erties of these notions, and pro vides and

analyzes uni�cation algorithms that can b e used in di�eren t con texts. In this in tro-

ductory section, w e will �rst presen t the concept of uni�cation in an informal w a y ,

then mak e some historical remarks on where uni�cation w as originally in tro duced,

and �nally explain our approac h to writing this c hapter.

1.1. What is uni�c ation?

V ery generally sp eaking, uni�cation tries to iden tify t w o sym b olic expressions b y

replacing certain sub-expressions (v ariables) b y other expressions. T o b e more con-

crete, one usually considers terms that are built from function sym b ols (sa y f , a ,

and b , where f is binary and a; b are n ullary) and v ariable sym b ols (sa y x and

y ). The uni�c ation pr oblem for the terms s = f ( a; x ) and t = f ( y ; b ) is concerned

with the follo wing question: is it p ossible to replace the v ariables x; y in s and t b y

terms suc h that the t w o terms obtained this w a y are (syn tactically) equal. In this

example, if w e substitute b for x and a for y , w e obtain the uni�e d term f ( a; b ).

This substitution is denoted as � := f x 7! b; y 7! a g , and its application to terms

is written su�x, i.e., s� = f ( a; b ) = t� . Note that di�eren t o ccurrences of the same

v ariable in a uni�cation problem m ust alw a ys b e replaced b y the same term. F or

this reason, the terms s

0

= f ( a; x ) and t

0

= f ( x; b ) cannot b e uni�ed since this

w ould require the o ccurrence of x in s

0

to b e replaced b y b , and the o ccurrence of

x in t

0

to b e replaced b y the di�eren t constan t a .

In most applications of uni�cation, one is not just in terested in the de cision

pr oblem for uni�cation, whic h simply asks for a \y es" or \no" answ er to the question

of whether t w o terms s and t are uni�able. If they are uni�able, one w ould lik e to

construct a solution, i.e., a substitution that iden ti�es s and t . Suc h a substitution

is called a uni�er of s and t . In general, a uni�cation problem ma y ha v e in�nitely

man y solutions; e.g., f ( x; y ) and f ( y ; x ) can b e uni�ed b y replacing x and y b y

the same term s (and there are in�nitely man y terms a v ailable). F ortunately , the

applications of uni�cation in automated deduction do not require the computation

of all uni�ers. It is su�cien t to consider the so-called most gener al uni�er , i.e., a

uni�er suc h that ev ery other uni�er can b e obtained b y instantiation . In the ab o v e

example, � := f x 7! y g is suc h a most general uni�er since for all terms s w e ha v e

f x 7! s; y 7! s g = � f y 7! s g . A uni�cation algorithm should th us not only decide

solv abilit y of a giv en uni�cation problem: if the problem is solv able, it should also

compute a most general uni�er. As w e will sho w, there exist v ery e�cien t algorithms

for this purp ose.

Uni�cation as describ ed un til no w is called syntactic uni�cation of �rst-or der

terms. \Syn tactic" means that the terms m ust b e made syn tactically equal, whereas
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\�rst-order" expresses the fact that w e do not allo w for higher-order v ariables, i.e.,

v ariables for functions. F or example, the terms f ( x; a ) and g ( a; x ) ob viously cannot

b e made syn tactically equal b y �rst-order uni�cation. Ho w ev er, f ( x; a ) and G ( a; x )

can b e made equal b y higher-or der uni�c ation if G is a (higher-order) v ariable,

whic h ma y b e replaced b y f . W e will not consider higher-order uni�cation in more

detail since it is treated in [Do w ek 2001] (Chapter 16 of this Handb o ok). Ho w ev er,

e quational uni�c ation |as opp osed to syn tactic uni�cation|of �rst-order terms will

b e one of the most imp ortan t topics of this c hapter. Instead of requiring that the

terms are made syn tactically equal, equational uni�cation is concerned with mak-

ing terms equiv alen t with resp ect to a congruence induced b y certain equational

axioms E . In this case, one talks ab out E -uni�cation or uni�cation mo dulo E . F or

example, if E = f f ( a; a ) � g ( a; a ) g , then the terms f ( x; a ) and g ( a; x ), whic h are

not (syn tactically) uni�able, are E -uni�able: for the substitution � := f x 7! a g , w e

ha v e f ( x; a ) � = f ( a; a ) =

E

g ( a; a ) = g ( a; x ) � , where =

E

denotes the equational

theory induced b y E . F or equational uni�cation, things are not as nice as for syn-

tactic uni�cation. In fact, dep ending on the theory E in question, E -uni�abilit y

ma y b e undecidable, and ev en if it is decidable, solv able uni�cation problems need

not ha v e a most general E -uni�er. Researc h on equational uni�cation is, on the

one hand, in terested in classifying equational theories of in terest according to their

b eha vior in this resp ect. On the other hand, it dev elops general approac hes and

algorithms that apply to whole classes of theories.

1.2. History and applic ations

The name \uni�cation" and the �rst formal in v estigation of this notion is due to

J.A. Robinson [1965], who in tro duced uni�cation as the basic op eration of his res-

olution principle, sho w ed that uni�able terms ha v e a most general uni�er, and de-

scrib ed an algorithm for computing this uni�er. In the prop ositional case, the reso-

lution principle can b e describ ed as follo ws, see also [Bac hmair and Ganzinger 2001]

(Chapter 2 of this Handb o ok). Assume that clauses C _ p and C

0

_ : p ha v e already

b een deriv ed (where C ; C

0

are sub-clauses and p is a prop ositional v ariable). Then

one can also deduce C _ C

0

. In the �rst-order case, the clauses one starts with ma y

con tain v ariables. Herbrand's famous theorem implies that �nitely man y ground in-

stances (i.e., instances obtained b y substituting all v ariables b y terms without v ari-

ables) are su�cien t to sho w unsatis�abilit y of a giv en unsatis�able set of clauses b y

prop ositional reasoning (e.g., prop ositional resolution). The problem is, ho w ev er, to

�nd the appropriate instan tiations. Early theorem pro v ers approac hed this problem

b y a breadth-�rst en umeration of all p ossible ground instan tiations, whic h led to an

immediate com binatorial explosion [Robinson 1963]. Theorem pro v ers based on the

resolution principle need not searc h blindly for the righ t instan tiations: they can

compute them via syn tactic uni�cation. F or example, assume the clauses C _ P ( s )

and C

0

_ : P ( t ) are giv en. Ob viously , the resolution rule applies to ground instances

of these clauses i� in these instances the predicate P con tains the same term, i.e., i�

the substitution used in the instan tiation pro cess is a (syn tactic) uni�er of s and t .
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Instead of using all ground uni�ers for instan tiation, Robinson prop osed to lift the

resolution principle to terms with v ariables, and apply only the most general uni�er

� of s and t . In the example, this yields the resolv en t ( C _ C

0

) � . The completeness

pro of for prop ositional resolution can b e lifted to non-ground resolution b y using

the fact that ev ery ground uni�er of s; t is an instance of the most general uni�er.

In fact, the notion \most general uni�er" w as de�ned in this w a y just to mak e this

lifting p ossible.

Similar ideas for determining appropriate instan tiations ha v e b een prop osed prior

to Robinson b y P ost, Herbrand [1930 a , 1930 b , 1967, 1971] (in the in v estigation of

his prop ert y A), Pra witz [1960], and Guard [1964, 1969]. Ho w ev er, in this previous

w ork, the notions \uni�cation" and \most general uni�er" are not singled out as

in teresting concepts of their o wn (they don't ev en receiv e a name). Pra witz only

considers the function-free case (in whic h uni�cation is rather trivial), and Herbrand

also �rst presen ts his approac h for this restricted case. The description b y Herbrand

of the uni�cation algorithm for the general case (whic h app ears to b e the �rst

published accoun t of suc h an algorithm, and whic h is similar to the transformation-

based algorithm b y Martelli and Mon tanari [1982]) is rather informal, and there is

no pro of of correctness.

1

The notions \uni�cation" and \most general uni�er" w ere indep enden tly re-

in v en ted b y Kn uth and Bendix [1970] as a to ol for testing term rewriting systems

for lo cal con
uence b y computing critical pairs. Again, the de�nition of the most

general uni�er mak es sure that ev ery critical situation is an instance of a critical

pair, and th us it is su�cien t to test the critical pairs for con
uence, see [Dersho witz

and Plaisted 2001] (Chapter 9 of this Handb o ok). Equational uni�c ation w as in tro-

duced b oth in resolution-based theorem pro ving and in term rewriting as a means

for treating certain troublesome equational axioms (lik e asso ciativit y and comm u-

tativit y) in a sp ecial manner. In automated theorem pro ving, it quic kly b ecame

apparen t that the equalit y relation requires a sp ecial treatmen t (see [Degt y arev and

V oronk o v 2001 a , Nieu w enh uis and Rubio 2001], Chapters 10 and 7 of this Hand-

b o ok), since a simple in tegration of axioms that describ e the prop erties of equalit y

(in principle, b eing a congruence relation) often leads to an unacceptable increase in

the searc h space. Whereas the �rst approac hes pro viding suc h a sp ecial treatmen t

of equalit y replaced only the axiomatization of equalit y b y sp ecial inference rules,

Plotkin [1972] prop osed to go one step further. In his approac h, also certain axioms

that use equalit y (lik e f ( x; y ) � f ( y ; x ) and f ( f ( x; y ) ; z ) � f ( x; f ( y ; z ))) can b e

built in to the inference rule (namely resolution). This is ac hiev ed b y replacing the

use of syn tactic uni�cation in the resolution step b y equational uni�cation, i.e.,

uni�cation mo dulo the equational theory induced b y the axioms to b e built in.

In term rewriting, axioms lik e comm utativit y (i.e., f ( x; y ) � f ( y ; x )) cannot b e

orien ted in to terminating rewrite rules. One w a y of solving this problem is to tak e

suc h non-orien table iden tities completely out of the rewrite pro cess, and p erform

1

Strictly sp eaking, Herbrand's uni�cation algorithm is not an algorithm for simple syn tactic

uni�cation, but an algorithm for uni�cation with so-called linear constan t restrictions (see sec-

tion 3.3.2). This is due to the fact that he do es not Sk olemize his form ulae, and th us he has b oth

univ ersal and existen tial quan ti�ers in the quan ti�er pre�x.
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rewriting with resp ect to the remaining (orien table) rules mo dulo the unorien ted

ones. In this setting, critical pairs m ust no w b e computed b y equational uni�cation,

i.e., mo dulo the unorien ted iden tities, see, e.g., [P eterson and Stic k el 1981, Jouan-

naud and Kirc hner 1986] and [Dersho witz and Plaisted 2001] (Chapter 9 of this

Handb o ok).

1.3. Appr o ach

This c hapter is not in tended to giv e a complete co v erage of all the results obtained in

uni�cation theory (see the o v erview articles [Jouannaud and Kirc hner 1991, Baader

and Siekmann 1994] for this purp ose). Instead w e try to co v er a n um b er of signi�can t

topics in more detail. This should giv e a feeling for uni�cation researc h and its

metho dology , pro vide the most imp ortan t references, and enable the reader to study

recen t researc h pap ers on the topic.

Notational and typ o gr aphic c onventions

W e will try to k eep as close as p ossible to the t yp ographic con v en tions in tro duced

b y Dersho witz and Jouannaud [1991], whic h they also used in their surv ey article on

rewrite systems [Dersho witz and Jouannaud 1990]. In particular, substitutions are

written in su�x notation (i.e., s� instead of � ( s )), and consequen tly comp osition

of substitution should b e read from left to righ t (i.e., � � means: �rst apply � and

then � ).

Equational axioms (written s � t ) that de�ne equational theories will b e called

\iden tities," whereas uni�cation problems consist of \equations" (written s =

?

t for

syn tactic uni�cation and s =

?

E

t for uni�cation mo dulo E ). Th us, iden tities m ust

hold, whereas equations m ust b e solv ed.

2. Syn tactic uni�cation

As men tioned earlier, syn tactic uni�cation of �rst-order terms w as in tro duced b y

P ost and Herbrand in the early part of this cen tury . V arious researc hers ha v e studied

the problem further [Champ eaux 1986, Corbin and Bidoit 1983, Huet 1976, Martelli

and Mon tanari 1982, P aterson and W egman 1978, Robinson 1971, V en turini-

Zilli 1975] and, among other results, it w as sho wn that linear time algorithms

for uni�cation exist [Martelli and Mon tanari 1976, P aterson and W egman 1978].

The corresp onding lo w er complexit y b ound w as sho wn b y Dw ork, Kanellakis and

Mitc hell [1984]: the uni�cation problem is log-space complete for P , the class of

p olynomial-time solv able problems. In particular, this implies that it is v ery un-

lik ely that an e�cien t parallel uni�cation algorithm exists.

In this section w e review the ma jor approac hes to syn tactic uni�cation.
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2.1. De�nitions

A signatur e is a (�nite or coun tably in�nite) set of function sym b ols F . W e assume

the reader is familiar with the term algebra T ( F ; V ) generated b y a signature

function sym b ols F and a (coun tably) in�nite set of v ariables V ; w e shall call these

F - terms , or simply terms when F is unimp ortan t, and denote them b y the letters

l , r , s , t , u , and v . V ariables will b e denoted b y w , x , y , and z . The set of v ariables

o ccurring in a term t will b e denoted b y V ar s ( t ), and this will b e extended to sets

of v ariables, equations, and sets of equations.

A substitution is a mapping from v ariables to terms whic h is almost ev erywhere

equal to the iden tit y , and will generally b e represen ted b y � , � , � , or � . The iden tit y

substitution is represen ted b y Id . The application of a substitution � to a term t ,

denoted t� , is de�ned b y induction on the structure of terms:

t� :=

(

x� if t = x ,

f ( t

1

� ; : : : ; t

n

� ) if t = f ( t

1

; : : : ; t

n

).

In the second case of this de�nition, n = 0 is allo w ed: in this case, f is a constan t

sym b ol and f � = f . Substitutions can also b e applied to sets of terms, equations,

and sets of equations, in the ob vious fashion.

F or a substitution � , the domain is the set of v ariables

D om ( � ) := f x j x� 6= x g ;

the r ange is the set of terms

R an ( � ) :=

[

x 2D om ( � )

f x� g ;

and the set of v ariables o ccurring in the range is V R an ( � ) := V ar s ( R an ( � )) :

A substitution can b e represen ted explicitly as a function b y a set of bindings of

v ariables in its domain, e.g.,

f x

1

7! s

1

; : : : ; x

n

7! s

n

g :

The r estriction of a substitution � to a set of v ariables X , denoted b y � j

X

, is

the substitution whic h is equal to the iden tit y ev erywhere except o v er X \ D om ( � ),

where it is equal to � . Comp osition of t w o substitutions is written � � , and is de�ned

b y

t� � = ( t� ) � :

An algorithm for constructing the comp osition � � of t w o substitutions represen ted

as sets of bindings is as follo ws:

1. Apply � to ev ery term in R an ( � ) to obtain �

1

;

2. Remo v e from � an y binding x 7! t , where x 2 D om ( � ), to obtain �

1

;

3. Remo v e from �

1

an y trivial binding x 7! x , to obtain �

2

; and
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4. T ak e the union of the t w o sets of bindings �

2

and �

1

.

It is also useful to b e able to represen t substitutions in their triangular form as

a sequen tial list of bindings, e.g.,

[ x

1

7! t

1

; x

2

7! t

2

; : : : ; x

n

7! t

n

] ;

whic h represen ts the comp osition of n substitutions eac h consisting of a single

binding:

f x

1

7! t

1

gf x

2

7! t

2

g : : : f x

n

7! t

n

g :

A substitution is idemp otent if � � = � ; it is easy to sho w that this is true i�

D om ( � ) \ V R an ( � ) = ; .

A variable r enaming substitution is de�ned as a substitution � suc h that

D om ( � ) = R an ( � ). (F or example, f x 7! y ; y 7! z ; z 7! x g is a v ariable renam-

ing, whereas f x 7! y g and f y 7! z ; x 7! z g are not.) F or an y suc h v ariable renaming

� = f x

1

7! y

1

; : : : ; x

n

7! y

n

g , w e denote its in v erse f y

1

7! x

1

; : : : ; y

n

7! x

n

g b y �

� 1

.

Tw o substitutions are equal, denoted � = � , if x� = x� for ev ery v ariable x . W e

sa y that � is mor e gener al than � , denoted � �

�

� , if there exists an � suc h that

� = � � . The relation �

�

is called the instantiation quasi-or dering . The corresp onding

equiv alence relation (i.e., �

�

\

�

� ) is denoted b y

�

=; it can b e sho wn [Lassez, Maher

and Mariott 1987] that �

�

= � i� there exists some v ariable renaming � suc h that

� = � � .

2.1. Definition. A substitution � is a uni�er of t w o terms s and t if s� = t� ; it

is a most gener al uni�er (or mgu for short), if for ev ery uni�er � of s and t , � �

�

� .

A uni�c ation pr oblem for t w o terms s and t is represen ted b y s =

?

t .

A multiset is an unordered collection with p ossible duplicate elemen ts. W e denote

the n um b er of o ccurrences of an ob ject x in a m ultiset M b y M ( x ), and de�ne the

m ultiset union M [ N as the m ultiset Q suc h that Q ( x ) = M ( x ) + N ( x ) for ev ery

x .

2.2. Uni�c ation of terms

In this section and the next, w e presen t a series of algorithms for uni�cation, eac h

of whic h returns an mgu for t w o uni�able terms. Our approac h will b e t w o-sided:

on the one hand w e will presen t a series of practical algorithms, from the \naiv e"

to the more sophisticated (and faster), in pseudo-co de suitable for implemen ting in

a programming language; and on the other w e will presen t a \rule-based" approac h

whic h serv es to clarify the essen tial prop erties of the pro cess and also to pro v e the

correctness of some of the practical algorithms.

2.2.1. A naive algorithm

The simplest algorithm for uni�cation is p erhaps one that is taugh t in man y in tro-

ductory courses in AI:
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W rite do wn t w o terms and set mark ers (e.g., t w o index �ngers) at the b egin-

ning of the terms. Then:

1. Mo v e the mark ers together, one sym b ol at a time, un til b oth mo v e o� the end

of the term ( success !), or un til they p oin t to t w o di�eren t sym b ols;

2. If the t w o sym b ols are b oth non-v ariables, then fail ; otherwise, one is a v ariable

(call it x ) and the other is the �rst sym b ol of a subterm (call it t ):

(a) If x o ccurs in t , then fail ;

(b) Otherwise, write do wn \ x 7! t " as part of the solution, replace x ev erywhere

b y t (including in the solution), and return to (1).

This simple algorithm metho dically �nds disagreemen ts in the t w o terms to b e

uni�ed, and attempts to repair them b y binding v ariables to terms: it fails when

function sym b ols clash, or when an attempt is made to unify a v ariable with a

term con taining that v ariable (whic h is imp ossible). Already presen t in this simple

algorithm are sev eral in teresting issues:

Implemen tation: What data structures should b e used for terms and substitu-

tions? Ho w should application of a substitution b e implemen ted? What order

should the op erations b e p erformed in?

Correctness: Do es the algorithm alw a ys terminate? Do es it alw a ys pro duce an

mgu for t w o uni�able terms, and fail for non-uni�able terms? Do these answ ers

dep end on the order of op erations?

Complexit y: Ho w m uc h space do es this tak e, and ho w m uc h time?

In the remainder of this section w e will consider these issues in detail while dev el-

oping our sequence of algorithms.

2.2.2. Uni�c ation by r e cursive desc ent

If w e tak e our naiv e algorithm and implemen t it as simply as p ossible in a pro-

gramming language, then w e w ould represen t terms using either explicit p oin ter

structures (as in C or P ascal) or built-in recursiv e data t yp es (as in ML and Lisp),

and represen t substitutions as lists of pairs of terms. Application of a substitution

w ould in v olv e constructing a new term or replacing a v ariable with a new term.

The left-to-righ t searc h for disagreemen ts w ould then b e implemen ted b y recursiv e

descen t through the terms as sho wn in Figure 1.

(In an actual implemen tation, the case \Unify( t , s )" could b e mo v ed up b efore

the �rst \ else if " and simply sw ap s and t if the former is not a v ariable.) The

only detail that migh t cause some confusion is the exact metho d for implemen ting

the comp osition in the last line. This w as describ ed in section 2.1; ho w ev er, in

our naiv e uni�cation algorithm, w e omitted the second and third steps from the

informal algorithm for comp osition, and this ma y b e done as w ell here, due to a

simple but imp ortan t fact ab out these algorithms: when a binding x 7! t is created

and applied, x will nev er app ear in another term considered b y the algorithm| x

has b een \eliminated" and o ccurs only once, in the solution.

This algorithm is essen tially the one �rst describ ed b y Robinson [1965], and has

b een almost univ ersally used in sym b olic computation systems.
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global � : substitution; f Initialized to Id g

Unify( s : term; t : term )

b egin

if s is a v ariable then f Instan tiate v ariables g

s := s� ;

if t is a v ariable then

t := t� ;

if s is a v ariable and s = t then

f Do nothing g

else if s = f ( s

1

; : : : ; s

n

) and t = g ( t

1

; : : : ; t

m

) for n; m � 0 then b egin

if f = g then

for i := 1 to n do

Unify( s

i

, t

i

);

else Exit with failure f Sym b ol clash g

end

else if s is not a v ariable then

Unify( t , s );

else if s o ccurs in t then

Exit with failure; f Occurs c hec k g

else � := � f s 7! t g ;

end;

Figure 1: Uni�cation b y recursiv e descen t

2.2.3. A rule-b ase d appr o ach U

In order to explore some of the logical prop erties of this algorithm, w e no w presen t

a simple inference system for deriving solutions for uni�cation problems.

An idemp oten t substitution f x

1

7! t

1

; : : : ; x

n

7! t

n

g ma y b e represen ted b y a set

of equations f x

1

� t

1

; : : : ; x

n

� t

n

g in solve d form , i.e., where eac h x

i

has a single

o ccurrence in the set. F or an y idemp oten t substitution � , the corresp onding solv ed

form set will b e denoted b y [ � ], and for an y set of equations S in solv ed form, the

corresp onding substitution will b e denoted b y �

S

.

A system is either the sym b ol ? (represen ting failure) or a pair consisting of a

m ultiset P of uni�cation problems and a set S of equations in solv ed form. W e

will use � to denote an arbitrary system. A substitution is said to b e a uni�er (or

solution) of a system P ; S if it uni�es eac h of the equations in P and S ; the system

? has no uni�ers.

The inference system U consists of the follo wing transformations on systems:

2

2

The sym b ol [ b elo w when applied to P is multiset union .
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T rivial :

f s

?

= s g [ P

0

; S = ) P

0

; S

Decomp osition :

f f ( s

1

; : : : ; s

n

)

?

= f ( t

1

; : : : ; t

n

) g [ P

0

; S = ) f s

1

?

= t

1

; : : : ; s

n

?

= t

n

g [ P

0

; S

(Note that p ossibly n = 0.)

Sym b ol Clash :

f f ( s

1

; : : : ; s

n

)

?

= g ( t

1

; : : : ; t

m

) g [ P

0

; S = ) ?

if f 6= g .

Orien t :

f t

?

= x g [ P

0

; S = ) f x

?

= t g [ P

0

; S

if t is not a v ariable.

Occurs Chec k:

f x

?

= t g [ P

0

; S = ) ?

if x 2 V ar s ( t ) but x 6= t .

V ariable Elimination :

f x

?

= t g [ P

0

; S = ) P

0

f x 7! t g ; S f x 7! t g [ f x � t g

if x 62 V ar s ( t ).

In order to unify s and t , w e create an initial system f s =

?

t g ; ; and apply succes-

siv ely rules from U ; w e sho w b elo w that suc h a pro cess m ust terminate, pro ducing

a terminal system (i.e., to whic h no rule applies) in the form of ? or ; ; S , where S

is a solv ed form system represen ting the mgu of s and t .

The inference system U is in essence the same algorithm for uni�cation presen ted

b y Herbrand (see App endix 3 in [Herbrand 1971]); more recen tly , this form ulation

of the uni�cation pro cess w as in tro duced b y Martelli and Mon tanari [1982] and has

gained wide currency as a formalism for represen ting uni�cation algorithms (see,

for example, [Jouannaud and Kirc hner 1991, Sn yder 1991]).

Before considering U p er se , let us consider ho w this set of transformations migh t

sim ulate the actions of the recursiv e descen t algorithm. Supp ose w e w ere to prin t

out a trace of the terms s and t , and the global substitution � , just b efore the third

if -statemen t in Unify , e.g.,
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s

1

t

1

Id

s

2

t

2

�

2

s

3

t

3

�

3

: : :

This sequence can b e sim ulated b y a sequence of transformations

f s

1

=

?

t

1

g ; ;

= ) f s

2

=

?

t

2

g [ P

2

; S

2

= ) f s

3

=

?

t

3

g [ P

3

; S

3

= ) : : :

where eac h s

i

=

?

t

i

is the equation acted on b y the rule, and eac h �

i

is iden tical

to �

S

i

. F urthermore, if the call to Unify ends in failure, then the transformation

sequence ends in ? ; and if the call to Unify terminates with success, with a global

substitution �

n

, then the transformation sequence ends in a system ; ; S where

�

S

= �

n

. This sim ulation can b e ac hiev ed b y treating the m ultiset P as a stac k,

alw a ys applying a rule to the top equation, and only using T rivial when s is a

v ariable; there is only one p ossible rule to apply at eac h step under this con trol

strategy .

Therefore, U can b e view ed as an abstract v ersion of the recursiv e descen t algo-

rithm, and can b e used to pro v e its correctness. In fact, U has man y in teresting

features in its o wn righ t, as w e no w pro ceed to sho w.

2.2.4. T e chnic al r esults ab out U

In this section w e presen t a n um b er of results ab out U , adapted from Martelli and

Mon tanari [1982]. P erhaps the simplest prop ert y to sho w is termination.

2.2. Lemma. F or any �nite multiset of e quations P , every se quenc e of tr ansforma-

tions in U

P ; ; = ) P

1

; S

1

= ) P

2

; S

2

= ) : : :

terminates either with ? or with ; ; S , with S in solve d form.

Pr oof. De�ne a complexit y measure h n

1

; n

2

; n

3

i on m ultisets of equations, ordered

b y the (w ell-founded) lexicographic ordering on triples of natural n um b ers, where

n

1

= The n um b er of distinct v ariables in P ;

n

2

= The n um b er of sym b ols in P ; and

n

3

= The n um b er of equations in P of the form t =

?

x , with t not a v ariable.

Eac h rule in U reduces the complexit y of the problem P . F urthermore, an y equation

m ust �t in to one of the cases men tioned on the left-hand sides of the rules, so that

a rule can alw a ys b e applied to a system with non-empt y P . Th us, a system to

whic h no rule applies m ust b e in the form ? or ; ; S . Since whenev er an equation is

added to S , the v ariable on the left-side is eliminated from the rest of the system,

eac h of the systems S

1

; S

2

; : : : ; S m ust b e in solv ed form.

Another in teresting fact is that a solution � pro duced b y U is alw a ys idemp oten t.



Unifica tion Theor y 457

2.3. Cor ollar y. If P ; ; = )

+

; ; S , then �

S

is idemp otent.

One of the most in teresting features of U is that its rules do not c hange the set of

uni�ers of a system. The main correctness results ab out U are essen tially corollaries

of this fact.

2.4. Lemma. F or any tr ansformation P ; S = ) � , a substitution � uni�es P ; S i�

it uni�es � .

Pr oof. The only non-trivial cases concern Occurs Chec k and V ariable Elimination.

If x o ccurs in, but is not equal to, t , then clearly x con tains few er sym b ols than t ;

but then x� m ust also con tain few er sym b ols than t� , so that x and t can ha v e no

uni�er.

Regarding V ariable Elimination, w e kno w that x� = t� , from whic h (b y structural

induction) w e can sho w that

u� = ( u f x 7! t g ) �

for an y term u , or indeed for an y equation or m ultiset of equations. But then

P

0

� = P

0

f x 7! t g � and S � = S f x 7! t g �

from whic h the result follo ws.

The �rst of our ma jor results ab out U sho ws that it do es indeed pro duce a uni�er.

2.5. Theorem. (Soundness) If P ; ; = )

+

; ; S , then �

S

uni�es every e quation in

P .

Pr oof. Note that �

S

uni�es S , b ecause it is idemp oten t; a simple induction with

lemma 2.4 sho ws that �

S

m ust unify the equations in P .

Our second ma jor result sho ws that U is able to calculate an mgu for t w o uni�able

terms.

2.6. Theorem. (Completeness) If � uni�es every e quation in P , then an y maximal

se quenc e of tr ansformations

P ; ; = ) : : :

must end in some system ; ; S such that �

S

�

�

� .

Pr oof. Lemmas 2.2 and 2.4 sho w that suc h a sequence m ust end in some terminal

system ; ; S where � uni�es S . No w for ev ery binding x 7! t in �

S

,

x�

S

� = t� = x� ;

and for ev ery x 62 D om ( �

S

), x�

S

� = x� , so that � = �

S

� .

An immediate consequence of these t w o results is the follo wing.
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2.7. Cor ollar y. If P has no uni�er, then any maximal tr ansformation se quenc e

fr om P ; ; must have the form

P ; ; = ) : : : = ) ? :

The most in teresting feature of this pro of (and the reason for the emphasis on the

w ord \an y") is that the c hoice of a rule to apply at an y stage of the computation is

don 't c ar e non-deterministic , whic h implies that an y con trol strategy will result in

an mgu for t w o uni�able terms, and failure for t w o non-uni�able terms. Th us, an y

practical uni�cation algorithm whic h pro ceeds b y p erforming the atomic actions of

U , in an y order, is sound and complete, and in particular it generates idemp oten t

mg u s for uni�able terms. Ho w ev er, some sequences of these basic op erations ma y

b e longer than others, or create larger terms, and not all sequences end in the same

exact mgu . Before considering the issue of complexit y in detail, w e digress for a

momen t to consider this last p oin t.

2.2.5. Some pr op erties of MGU's

Theorem 2.6 sho ws that an y substitution pro duced b y U (or an y algorithm that U

can sim ulate) is a compact represen tation of the (in�nite) set of all uni�ers, whic h

could b e generated b y comp osing all p ossible substitutions with the mgu . This

means that no information is lost in sym b olic computation systems (suc h as �rst-

order theorem pro v ers and logic-programming in terpreters) in solving a uni�cation

subproblem and applying the solution to the rest of the computation (this is what

happ ens, in fact, during the uni�cation pro cess itself ).

The inference system U , starting from a single pair of terms s and t , could pro duce

(�nitely) man y di�eren t terminal forms, corresp onding to distinct mgu s for s and t .

What is the relationship of these distinct mgu s? Are there other mgu s than these?

Is there an in�nite n um b er? The k ey to answ ering these questions lies in the concept

of a v ariable renaming, de�ned in section 2.1: if � and � are b oth mgu s of s and

t , then �

�

= � , i.e., they are instances of eac h other, and hence � = � � for some

v ariable renaming � (for a pro of, see [Lassez et al. 1987].)

This means that the set of mgu s of t w o terms can b e generated from a single mgu ,

b y comp osition with v ariable renamings (whic h is a sp ecial case of the fact that the

set of all uni�ers can b e generated b y comp osition with arbitrary substitutions). By

suc h an op eration, it is p ossible to create an in�nite n um b er of idemp oten t mgu s

and an in�nite n um b er of non-idemp oten t mgu s; the �nite searc h tree generated b y

U is not able to construct an y arbitrary mgu , nor ev en ev ery idemp oten t mgu .

An oft-rep eated phrase in the literature states that \ mgu s are unique up to

renaming"; the reader should no w understand that this v ague statemen t should

more prop erly b e: \ mgu s are unique up to comp osition with a v ariable renaming."

This brief exp osition of some of the imp ortan t prop erties of mgu s should con vince

the reader that the collection of all uni�ers of t w o terms has non-trivial prop erties;

later on in this c hapter w e shall examine the ev en more complex case of sets of

uni�ers for E -uni�cation problems. F or further c haracterizations of the set of mgu s

pro duced b y U , and on uni�ers in general, see [Lassez et al. 1987, Eder 1985].
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2.2.6. Complexity of r e cursive desc ent

This section will b egin to consider the complexit y of the uni�cation pro cess, a ques-

tion whic h will motiv ate the consideration of further, more sophisticated algorithms

for uni�cation.

The approac hes to uni�cation so far considered, unfortunately , can tak e exp o-

nen tial time and space.

2.8. Example.

h ( x

1

; x

2

; : : : ; x

n

; f ( y

0

; y

0

) ; : : : ; f ( y

n � 1

; y

n � 1

) ; y

n

)

and

h ( f ( x

0

; x

0

) ; f ( x

1

; x

1

) ; : : : ; f ( x

n � 1

; x

n � 1

) ; y

1

; : : : ; y

n

; x

n

)

Unifying these t w o terms will create an mgu where eac h x

i

and eac h y

i

is b ound to

a term with 2

i +1

� 1 sym b ols. Clearly the problem is that the substitution con tains

man y duplicate copies of the same subterms. One idea that migh t help here w ould

b e to represen t substitutions as \triangular forms." Th us,

[ y

0

7! x

0

; y

n

7! f ( y

n � 1

; y

n � 1

); y

n � 1

7! f ( y

n � 2

; y

n � 2

); : : : ]

w ould b e a triangular form uni�er of the t w o terms. Building up suc h a substitution

during uni�cation consists of simply collecting a list of bindings; no duplicate terms

are created, and hence triangular form uni�ers can b e no larger than the original

problem.

Unfortunately , this go o d idea is not su�cien t to rescue the algorithm, as it ap-

p ears that substitution, and hence the duplication of subterms, is necessary in the

terms themselv es: in the example, the call to Unify on the last argumen ts, x

n

and

y

n

, whic h b y then are b ound to terms with 2

n +1

� 1 sym b ols, will lead to an exp o-

nen tial n um b er of recursiv e calls. The solution to this problem is to dev elop a more

subtle data structure for terms, and a di�eren t metho d for applying substitutions.

2.3. Uni�c ation of term dag s

In this section, w e consider t w o approac hes to sp eeding up the uni�cation pro cess.

The �rst approac h, whic h w e adapt from Corbin and Bidoit [1983], �xes the problem

of duplication of subterms created b y substitution b y using a graph represen tation of

terms whic h can share structure; this results in a quadratic algorithm. T o dev elop an

asymptotically faster algorithm, ho w ev er, it is necessary to abandon the recursiv e

descen t approac h, and recast the problem of uni�cation as the construction of a

certain kind of equiv alence relation on graphs. This second approac h is due to Huet

[1976].

2.3.1. T erm dag s and substitution

Concerning example 2.8, it should b e remark ed that the explosion in the size of

the terms o ccurred precisely b ecause there w ere duplicate o ccurrences of the same
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v ariables, whic h cause a duplication of ev er larger and larger terms. In order to �x

this problem, it is necessary to consider in detail ho w to represen t terms as explicit

graphs whic h share subterms.

2.9. Definition. A term dag is a directed, acyclic graph whose no des are lab eled

with function sym b ols, constan ts, or v ariables, whose outgoing edges from an y no de

are ordered, and where the outdegree of an y no de lab elled with a sym b ol f is equal

to the arit y of f (v ariables ha v e outdegree 0).

In suc h a graph, eac h no de has a natural in terpretation as a term, and w e shall

sp eak of no des and terms as if they w ere one and the same (e.g., a \no de" f ( a; x )

is one lab eled with f and ha ving arcs to no des a and x ). The only di�erence b e-

t w een v arious dag s represen ting a particular term is the amoun t of structur e sharing

among the subterms. F or example, w e could represen t the term f ( g ( a; x ) ; g ( a; x ))

b y an y of the follo wing dag s:

a

g g

a xx

f f

g g

a ax

f

g

a x

Assuming that names of sym b ols are strings of c haracters, it is p ossible to create a

dag with unique, shared o ccurrences of v ariables in O ( n ), where n is the n um b er of

all c haracters in the string represen tation of a uni�cation problem. F or example, one

can use a trie to store the v ariable names when parsing the terms, so that duplicate

o ccurrences of v ariables can b e p oin ted to a unique, shared represen tation of the

v ariable. In the normal case, names ha v e a constan t size, and n just represen ts the

n um b er of sym b ols in the term; w e mak e this assumption in what follo ws.

Therefore, w e assume that the input to our algorithm is a term dag represen ting

the t w o terms to b e uni�ed, with unique, shared o ccurrences of all v ariables. W e

also assume that eac h no de t has an attribute p ar ents ( t ) whic h is a list of all paren ts

of t in the graph (i.e., all no des p whic h p oin t to t ), but do not sho w these in the

diagrams b elo w for simplicit y . P aren t p oin ters are necessary when sharing no des in

the dag.

A substitution in v olving only the subterms of a term dag can b e represen ted

directly b y a relation on the no des of the dag , either stored explicitly as a list

of pairs of p oin ters to no des, or b y storing a link (w e will call these substitution

ar cs ) in the graph itself, and main taining a list of v ariables (no des) b ound b y the

substitution. Application of suc h a substitution can b e implicit or explicit, the latter

in v olving actual mo ving of subterm links. F or example, t w o terms f ( x; g ( a )) and

f ( g ( y ) ; g ( y )), and their mgu f x 7! g ( a ) ; y 7! a g can b e represen ted b y the dag :
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x

g

g

g

f f

a

y

The implicit application of a substitution iden ti�es t w o no des connected with a

substitution arc, without actually mo ving an y of the subterm links; the binding for

a v ariable can b e determined b y tra v ersing the graph depth �rst, left to righ t. This

essen tially represen ts the triangular form (e.g., [ x 7! g ( y ); y 7! a ]) in the dag . W e

use this form of substitution in the algorithm of section 2.3.3.

The explicit application of a substitution expresses the substitution of binding

for v ariable b y mo ving an y arc (subterm or substitution) p oin ting to a v ariable to

p oin t to the binding. F or example,

x

g

g

g

f f

a

y

This represen ts the \functional" form f x 7! g ( a ) ; y 7! a g of the substitution in a

direct w a y . W e shall use this explicit form of application in the next algorithm.

2.3.2. R e cursive desc ent on term dag s

In this section w e presen t the �rst algorithm whic h uses term dag s. If w e think ab out

tracing the op eration of the recursiv e descen t algorithm on this new data structure,

it migh t app ear that the source of exp onen tial blo wup has b een remo v ed, since

substitution do es not duplicate terms. Ho w ev er, it still ma y b e p ossible to ha v e

duplicate c al ls to the same term; in example 2.8, for instance, the terms b ound to

x

n

and y

n

(see �g. 2) will b e uni�ed when x

0

is b ound to y

0

; ho w ev er, the recursiv e

descen t algorithm will then blithely explore ev ery other path through the pair of

terms, resulting in an exp onen tial n um b er of recursiv e calls.

Clearly , w e need to k eep from revisiting already-solv ed problems in the graph.

The b est solution is simply to do structure sharing \on the 
y" b y merging uni�ed

terms (whic h are, after all, no w iden tical), and then c hec king for iden tit y of no des

in the �rst step. Merging t w o no des s and t in a graph � can b e implemen ted b y

mo ving arcs. Let p ar ents ( s ) = f p

1

; : : : ; p

n

g ; then

1. F or eac h p

i

, replace the subterm arc p

i

� ! s b y p

i

� ! t ;

2. Let p ar ents ( t ) := p ar ents ( s ) [ p ar ents ( t ); and

3. Let p ar ents ( s ) := ; .

This shares the structure of t and isolates the no de s . In the algorithm b elo w, w e

will denote b y Replace(�, s , t ) the new graph created from a graph � b y merging
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f

f

.

.

.

f

x

0

f

f

f

.

.

.

y

0

x

n

y

n

x

n � 1

x

1

y

n � 1

y

1

Figure 2: A dag represen tation of the terms b ound to x

n

and y

n

in example 2.8.

s and t in this fashion.

The algorithm tak es as input a term dag in whic h all o ccurrences of v ariables

are shared (i.e., eac h v ariable o ccurs exactly once). Ev en with these additions, our

recursiv e descen t algorithm is mostly unc hanged:

global � : termDag; f T erm dag for s and t with shared v ariables g

global � : list of pairs of no des; f Initialized to empt y g

UnifyDag( s : no de; t : no de )

b egin

if s and t are the same no de then

f Do nothing g

else if s = f ( s

1

; : : : ; s

n

) and t = g ( t

1

; : : : ; t

m

) then b egin

if f = g then

for i := 1 to n do

UnifyDag( s

i

, t

i

);

else Exit with failure f Sym b ol clash g

end

else if s is not a v ariable then

Unify( t , s );

else if s o ccurs in t then

Exit with failure; f Occurs c hec k g

else

Add ( s; t ) to the end of the list � ;

� := Replace(�, s , t ); f Since they are no w uni�ed g

end;

The o ccurs c hec k is implemen ted as a standard graph tra v ersal to searc h for the

giv en no de s b elo w t b y follo wing subterm arcs.
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The correctness of the data structure for this algorithm is dep enden t on the

follo wing result from Corbin and Bidoit [1983], whic h can b e pro v ed b y induction

on the dag .

2.10. Lemma. L et � b e a term dag with no des x and t such that ther e is no p ath

fr om t to x .

� R eplac e( � , x , t ) is an acyclic gr aph c ontaining the same no des (with the same

lab els) as � .

� Consider a distinguishe d no de in � c orr esp onding to the term s , and let s

0

b e

the term c orr esp onding to the same no de in R eplac e( � , x , t ); then:

{ if s = x , then s

0

= x ;

{ otherwise, s

0

= s f x 7! t g .

In order to pro v e soundness and completeness, w e ma y again sho w that U can

\trace" the terms in eac h call to UnifyDags, the only di�erence b eing that when

T rivial is used, s ma y not necessarily b e a v ariable (i.e., when UnifyDag is called on

t w o terms previously uni�ed, and hence shared as one no de). F rom a logical p oin t

of view (thinking in term of the sym b olic expressions b eing manipulated), nothing

has c hanged|only the underlying data structure for terms and substitutions.

Th us, the only thing that remains to b e considered is the complexit y of UnifyDag.

Since eac h call to this function isolates a no de, there can not b e more than n calls

in toto (where n is the n um b er of sym b ols o ccurring in the original terms). Eac h

call do es a constan t amoun t of w ork except for the o ccurs c hec k (whic h tra v erses no

more than n no des) and the mo ving of no more than n p oin ters. Main taining the

lists of paren ts costs O ( n ) at eac h call. The original construction of the dag tak es

O ( n ). This results in a time complexit y of O ( n

2

); clearly the space used is O ( n ).

2.3.3. A n almost-line ar algorithm

It w ould b e p ossible to sp eed up this algorithm b y making c hanges to the w a y

substitutions are represen ted (see [Baader and Siekmann 1994]), ho w ev er, w e will

no w consider an alternate approac h whic h giv es more insigh t in to the nature of uni-

�cation. This approac h mak es the follo wing fundamen tal c hanges to the approac h

considered so far:

� instead of recursiv e calls to pairs of subterms whic h m ust b e uni�ed, w e will

recast the problem as that of constructing an equiv alence relation whose classes

are terms that m ust b e uni�ed;

� substitution will (in some sense) b e replaced b y the union of equiv alence classes;

and

� the rep eated calls to the o ccurs c hec k will b e replaced b y a single pass through

the graph to c hec k for acyclicit y .

The term dag data structure will b e used for these algorithms as w ell, ho w ev er, w e

will not mo v e p oin ters as in the last section. Instead, w e consider the uni�cation

problem as one in v olving the follo wing relation on terms.
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2.11. Definition. A term r elation is an equiv alence relation on terms, and is ho-

mo gene ous if no equiv alence class con tains f ( : : : ) and g ( : : : ) with f 6= g ; it is acyclic

if no term is equiv alen t to a prop er subterm of itself.

A uni�c ation r elation is a homogeneous, acyclic term relation satisfying the uni-

�c ation axiom : F or an y f and terms s

i

and t

i

,

f ( s

1

; : : : ; s

n

)

�

=

f ( t

1

; : : : ; t

n

) � ! s

1

�

=

t

1

^ : : : ^ s

n

�

=

t

n

:

The uni�c ation closur e of s and t , when it exists, is the least uni�cation relation

whic h mak es s and t equiv alen t.

The algorithm presen ted in this section tak es its starting p oin t from the follo wing

fact.

2.12. Lemma. If s and t ar e uni�able, then ther e exists a uni�c ation closur e for s

and t .

Pr oof. F or an y uni�er � of s and t , de�ne the relation

u

�

=

�

v i� u� = v � :

Clearly this is a uni�cation relation. Since the in tersection of t w o uni�cation rela-

tions relating s and t is again a uni�cation relation relating s and t , whenev er s

and t are uni�able there is a le ast suc h relation

�

=

whic h joins classes only when

forced to apply the uni�cation axiom to subterms of s and t .

The uni�cation-closure approac h to uni�cation, �rst presen ted in [Huet 1976],

attempts to construct this relation on t w o terms, whic h, as w e shall sho w, corre-

sp onds to �nding an mgu . Ho w ev er, b efore presen ting the algorithm, w e need a

n um b er of ancillary notions.

2.13. Definition. F or an y term relation

�

=

, let a schema function b e a function &

from equiv alence classes to terms suc h that for an y class C ,

1. & ( C ) 2 C ; and

2. & ( C ) is a v ariable only if C consists en tirely of v ariables.

The term & ( C ) will b e called the schema term for C .

The p oin t here is that the sc hema term is a functional form whenev er suc h exists,

and will b e used to propagate information do wn w ard using the uni�cation axiom; it

is also used to de�ne substitutions. Note that sc hema functions are not unique, but

there alw a ys exists at least one for an y term relation; w e assume in the follo wing

that suc h a function has b een c hosen for an y giv en uni�cation closure.

Note that for an y acyclic term relation there exists a partial ordering � suc h that

for an y term f ( : : : s : : : ), w e ha v e [ f ( : : : s : : : )] � [ s ].

2.14. Definition. F or an y uni�cation closure

�

=

, de�ne �

�

=

b y:

x�

�

=

=

(

y if & ([ x ]) = y

f ( s

1

�

�

=

; : : : ; s

n

�

�

=

) if & ([ x ]) = f ( s

1

; : : : ; s

n

)
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(This notion is w ell-de�ned b y recursion on the partial order � ; D om ( �

�

=

) is �nite

b ecause

�

=

has only a �nite n um b er of non-trivial equiv alence classes.)

2.15. Theorem. T erms s and t ar e uni�able i� ther e is a uni�c ation closur e for s

and t . In the a�rmative c ase, �

�

=

is an mgu for s and t .

Pr oof. The only if direction has b een pro v ed in our previous lemma. F or the other

direction, let

�

=

b e a uni�cation closure for s and t . W e claim that for ev ery term u ,

u�

�

=

= & ([ u ]) �

�

=

(th us, �

�

=

uni�es eac h pair of equiv alen t terms, in particular s and

t ), and pro ceed b y induction on the size of u . F or the base case, if u is a constan t

or v ariable, then the result is trivial b y the de�nition of �

�

=

. No w supp ose that

u = f ( s

1

; : : : ; s

n

) and & ([ u ]) = f ( t

1

; : : : ; t

n

); since

�

=

is closed under the uni�cation

axiom, then for eac h i , s

i

�

=

t

i

, and th us b y the induction h yp othesis, s

i

�

�

=

= t

i

�

�

=

.

T o pro v e that �

�

=

is an mgu in the a�rmativ e case, w e sho w that for an y uni�er

� , w e ha v e u�

�

=

� = u� for an y term u , and pro ceed b y induction on � . Assume

that

�

=

�

is as de�ned in the previous lemma. (In the follo wing, & refers to some

�xed sc hema function for �

�

=

.) First, note that if u

�

=

v , then u� = v � , since

�

=

is

con tained in

�

=

�

. No w, for the base case, if [ u ] con tains only constan ts and v ariables,

then u�

�

=

= & ([ u ])

�

=

u , from whic h it follo ws that u�

�

=

� = u� . F or the induction

step, it m ust b e the case that & ([ u ]) equals some f ( s

1

; : : : ; s

n

), and u is either a term

of the form f ( t

1

; : : : ; t

n

), or is a v ariable x . In the �rst case, u�

�

=

� = u� b y a direct

use of the induction h yp othesis. In the second case, x�

�

=

= f ( s

1

�

�

=

; : : : ; s

n

�

�

=

), and

x� = f ( s

1

; : : : ; s

n

) � (since

�

=

is con tained in

�

=

�

), so that

x� = f ( s

1

� ; : : : ; s

n

� ) = f ( s

1

�

�

=

� ; : : : ; s

n

�

�

=

� ) = f ( s

1

�

�

=

; : : : ; s

n

�

�

=

) � = x�

�

=

� ;

the second step in v olving the induction h yp othesis.

This result motiv ates the design of an e�cien t uni�cation algorithm whic h at-

tempts to build a uni�cation closure for t w o terms, and then extracts the mgu .

T o do this, it is necessary to ha v e some means for main taining equiv alence classes

and for applying the uni�cation axiom to classes; the most e�cien t data structure

represen ts classes as trees of class p ointers (whic h w e represen t b y dashed lines)

with a class r epr esentative at the ro ot:

t

1

t

4

s

2

u

2

t

2

u

3

s

1

u

1

t

3

T o determine whether t w o terms are equiv alen t, it is only necessary to �nd the

ro ots of the trees and c hec k for iden tit y; and to join t w o classes, one class is made



466 Franz Baader and W a yne Snyder

a subtree of the other's ro ot. T o reduce the heigh t of the trees as m uc h as p ossible,

t w o subtle re�nemen ts are made: (i) main tain a coun t of the size of eac h class in

the represen tativ e, and when joining classes, mak e the smaller one a subtree of the

larger; and (ii) when follo wing paths to the ro ot to determine equiv alence, compress

the paths b y p oin ting all no des encoun tered directly at the ro ot. F or example, if

w e wished to tak e the union of the t w o classes [ t

3

] and [ u

3

], w e w ould �nd the

represen tativ es for the t w o classes, compressing the path from t

3

, and then add a

class link from the represen tativ e of the smaller class to the larger:

t

1

t

4

s

2

s

1

t

2

u

2

u

3

u

1

t

3

Suc h a data structure can pro cess a series of O ( n ) Unions and Finds in O ( n � ( n )),

where � is the functional in v erse of Ac k ermann's function, and whic h, for all pr ac-

tic al purp oses, ma y b e considered as a small constan t factor.

The term dag for this approac h needs no paren t p oin ters, as in the previous

algorithm, but do es need

� class p oin ters;

� a coun ter of the size of the class stored in the represen tativ e;

� a p oin ter from eac h represen tativ e to the schema term for the class;

� b o olean 
ags visite d and acyclic in eac h no de used in cycle c hec king (b oth

initialized to false );

� a p oin ter vars from eac h represen tativ e to a list of all v ariables in the class

(used when generating solutions).

Note that main taining lists of paren ts of eac h no de is not necessary in this algorithm.

A represen tativ e is simply a no de whose class p oin ter p oin ts to itself. The algorithm

based on this approac h ma y no w b e giv en. It is sho wn in Figures 3 and 4. The term

dag � for s and t is initialized to the iden tit y relation, where eac h class con tains

a single term; th us for eac h no de the class and schema p oin ters are initialized to

p oin t to the same no de, and the size is initialized to 1. The v ars list is initialized

to empt y for non-v ariable no des, and to a singleton list for v ariable no des.

If Unify( s , t ) do es not fail, then � con tains a triangular form solution. Find-

Solution attempts to �nd suc h a solution, and fails i� there exists a cycle in the

graph. (W e are essen tially tra v ersing the common term s� b y replacing s b y its

sc hema term in the �rst line.) The �elds visite d and acyclic are b oth necessary , the

�rst to �nd a cycle in the curren t exploration path, and the second to k eep from

reexamining no des whic h ha v e already b een excluded from an y p ossible cycles.

The correctness of this metho d dep ends on v erifying that it implemen ts correctly

the construction of an acyclic uni�cation closure. The essen tial p oin ts are that

� the equiv alence is clearly homogeneous;

� equiv alence classes are joined i� required b y the uni�cation axiom, hence the

relation is le ast ;
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global � : termDag; f T erm dag for s and t with shared v ariables g

global � : list of bindings := nil; f T riangular form solution g

Unify( s : no de; t : no de )

b egin

UnifClosure( s , t );

FindSolution( s );

end;

UnifClosure( s : no de; t : no de )

b egin

s := Find( s ); f Find represen tativ es g

t := Find( t );

if s and t are the same no de then

f Do nothing g

else b egin

if & ([ s ]) = f ( s

1

; : : : ; s

n

) and & ([ t ]) = g ( t

1

; : : : ; t

m

) for n; m � 0

then b egin

if f = g then b egin

Union( s , t );

for i := 1 to n do

UnifClosure( s

i

, t

i

);

end

else Exit with failure f Sym b ol clash g

end

else Union( s , t );

end;

end;

Union( s : no de; t : no de ) f s and t are represen tativ es g

b egin

if size( s ) � size( t ) then b egin

size( s ) := size( s ) + size( t );

v ars( s ) := concatenation of lists v ars( s ) and v ars( t );

if & ([ s ]) is a v ariable then

& ([ s ]) := & ([ t ]);

class( t ) := s ;

end

else b egin

size( t ) := size( t ) + size( s );

v ars( t ) := concatenation of lists v ars( t ) and v ars( s );

if & ([ t ]) is a v ariable then

& ([ t ]) := & ([ s ]);

class( s ) := t ;

end;

end;

Figure 3: Uni�cation algorithm
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Find( s : no de ) f Returns represen tativ e for [ s ] and compresses paths g

t : no de;

b egin

if class( s ) = s f s is a represen tativ e g then

Return s ;

else b egin

t := Find(class( s ));

class( s ) := t ;

return t ;

end;

end;

FindSolution( s : no de); f F ails if exists a cycle b elo w s g

b egin;

s := & ( Find ( s ));

if acyclic ( s ) then

Return; f s is not part of a cycle g

if visite d ( s ) then

F ail; f Exists a cycle g

if s = f ( s

1

; : : : ; s

n

) for some n > 0 then b egin

visite d ( s ) := true ;

for i := 1 to n do

FindSolution( s

i

);

visite d ( s ) := false ;

end;

acyclic ( s ) := true ;

foreac h x 2 vars ( Find ( s )) do

if x 6= s then

Add [ x 7! s ] to fron t of � ;

end;

Figure 4: Uni�cation algorithm, con tin ued

� FindSolution fails i� there is a cycle in the graph; and

� whenev er a binding [ x 7! s ] is added to � , all relev an t bindings for v ariables in

s already o ccur in � .

The complexit y of the algorithm is O ( n � ( n )), as, with the exception of Find ,

eac h function can b e called at most n times for terms with n sym b ols, and eac h call

p erforms a constan t amoun t of w ork (note that the w ork of concatenating the vars

lists can b e accomplished in O ( n ) if p oin ters to the last cell in the list are k ept,

and concatenation is p erformed b y mo ving p oin ters rather than b y the standard

app end op eration). The dominating cost is therefore the calls to Find , whic h, as

men tioned ab o v e, can cost O ( n � ( n )).

Linear-time algorithms for uni�cation ha v e b een presen ted b y P aterson and W eg-

man [1978] (cf. [Champ eaux 1986]) and Martelli and Mon tanari [1982], to whic h
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w e refer the reader for further study .

3. Equational uni�cation

Lik e syn tactic uni�cation, equational uni�cation is concerned with the problem of

making terms equal b y applying a suitable substitution. The only di�erence is that

syn tactic equalit y is replaced b y equalit y mo dulo an equational theory E . A t �rst

sigh t, one migh t think that this is minor c hange, and that the notions and ap-

proac hes from syn tactic uni�cation can easily b e adapted to this new situation.

It turns out, ho w ev er, that equational uni�cation requires some non-trivial adjust-

men ts of the basic notation. In particular, the notion of a most general uni�er is

no longer su�cien t for the purp ose of represen ting all uni�ers since there ma y exist

E -uni�able terms that do not ha v e a most general E -uni�er. In the �rst subsection,

w e in tro duce the basic notions as they are curren tly used in uni�cation theory , and

in the subsequen t subsection, w e p oin t out some di�erences to the case of syn tactic

uni�cation, and explain the reason for in tro ducing the notions in this mo di�ed w a y .

The third subsection in tro duces order-theoretic, logical, algebraic, and category-

theoretic reform ulations of some of these notions. W e conclude the section with a

short surv ey of results in uni�cation theory . Some of these results will b e treated

in more detail in subsequen t sections.

3.1. Basic notions

An e quational the ory is de�ned b y a set of identities E , i.e., a subset of

T ( F ; V ) � T ( F ; V ) for a signature F and a (coun tably in�nite) set of v ariables

V . It is the least congruence relation on the term algebra T ( F ; V ) that is closed un-

der substitution and con tains E , and it will b e denoted b y =

E

(see [Dersho witz and

Plaisted 2001, page 575] (Chapter 9 of this Handb o ok) for a more detailed de�ni-

tion of the relation =

E

). Iden tities are written in the form s � t . If s =

E

t , then w e

sa y that the term s is e qual mo dulo E to the term t . F or example, let f b e a binary

function sym b ol. The iden tit y C := f f ( x; y ) � f ( y ; x ) g sa ys that f is comm uta-

tiv e, and the iden tit y A := f f ( f ( x; y ) ; z ) � f ( x; f ( y ; z )) g expresses asso ciativit y

of f . W e ha v e f ( f ( a; b ) ; c ) =

C

f ( c; f ( b; a )), and f ( a; f ( x; b )) =

A

f ( f ( a; x ) ; b ). In

the follo wing, w e will often sligh tly abuse the notion of an equational theory b y

also calling a set of de�ning iden tities E an equational theory . F or a giv en set of

iden tities E , w e denote b y S ig ( E ) the set of all function sym b ols o ccurring in E .

3.1. Definition. Let E b e an equational theory and F a signature con taining

S ig ( E ). An E -uni�c ation pr oblem o v er F is a �nite set of equations

� = f s

1

?

=

E

t

1

; : : : ; s

n

?

=

E

t

n

g

b et w een F -terms with v ariables in a (coun tably in�nite) set of v ariables V . An E -

uni�er of � is a substitution � suc h that s

1

� =

E

t

1

� ; : : : ; s

n

� =

E

t

n

� . The set of
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all E -uni�ers of � is denoted b y U

E

(�), and � is E -uni�able i� U

E

(�) 6= ; .

Ob viously , syn tactic uni�cation is the sp ecial case of this de�nition where E = ; .

An y syn tactic uni�er of an E -uni�cation problem � is also an E -uni�er, but for

E 6= ; , the set U

E

(�) ma y ha v e additional elemen ts. F or example, if a and b are

distinct constan t sym b ols, then the C -uni�cation problem f f ( a; x ) =

?

C

f ( b; y ) g has

f x 7! b; y 7! a g as C -uni�er, whereas the terms f ( a; x ) and f ( b; y ) do not ha v e a

syn tactic uni�er. F or the A -uni�cation problem � := f f ( a; x ) =

?

A

f ( y ; b ) g , the set

U

A

(�) con tains the syn tactic uni�er f x 7! b; y 7! a g of f ( a; x ) and f ( y ; b ), but also

additional A -uni�ers suc h as f x 7! f ( z ; b ) ; y 7! f ( a; z ) g .

The instan tiation quasi-ordering �

�

on substitutions is adapted to the case of

equational uni�cation as follo ws:

3.2. Definition. Let E b e an equational theory and X a set of v ariables. The

substitution � is mor e gener al mo dulo E on X than the substitution � i� there

exists a substitution � suc h that x� =

E

x� � for all x 2 X . In this case w e write

� �

�

X

E

� and sa y that � is an E -instance of � on X .

It is easy to see that �

�

X

E

is a quasi-ordering, i.e., a re
exiv e and transitiv e binary

relation. The asso ciated equiv alence is denoted b y

�

=

X

E

, i.e., �

�

=

X

E

� i� � �

�

X

E

� and

� �

�

X

E

� .

When comparing E -uni�ers of a problem �, the set X is the set of all v ari-

ables o ccurring in �. Unlik e the case of syn tactic uni�cation, uni�able E -uni�cation

problems need not ha v e a most general E -uni�er. F or example, the C -uni�cation

problem f f ( x; y ) =

?

C

f ( a; b ) g has the t w o C -uni�ers �

1

:= f x 7! a; y 7! b g and

�

2

:= f x 7! b; y 7! a g . On V ar (�) = f x; y g , an y C -uni�er of � is equal to either

�

1

or �

2

, and �

1

and �

2

are not comparable w.r.t the instan tiation quasi-ordering

�

�

f x;y g

C

. Consequen tly , there cannot b e a most general C -uni�er of �. Th us, the r^ ole

of the most general uni�er m ust in general b e tak en on b y a complete set of uni�ers.

3.3. Definition. Let � b e an E -uni�cation problem o v er F and let X := V ar (�)

b e the set of all v ariables o ccurring in �. A c omplete set of E -uni�ers of � is a set

C of substitutions suc h that

1. C � U

E

(�), i.e., eac h elemen t of C is an E -uni�er of �,

2. for eac h � 2 U

E

(�) there exists � 2 C suc h that � �

�

X

E

� .

The set C is a minimal c omplete set of E -uni�ers of � i� it is a complete set that

satis�es

3. t w o distinct elemen ts of C are incomparable w.r.t. �

�

X

E

, i.e., for all � ; �

0

2 C ,

� �

�

X

E

�

0

implies � = �

0

.

The substitution � is a most gener al E -uni�er of � i� f � g is a (minimal) complete

set of E -uni�ers of �.

If the uni�cation problem � is not E -uni�able, then the empt y set is a minimal

complete set of E -uni�ers of �. Dep ending on the equational theory E , minimal

complete sets of E -uni�ers need not alw a ys exist, and ev en if they do, they ma y b e
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in�nite (see b elo w). It is, ho w ev er, easy to sho w that they are unique up to instan-

tiation equiv alence

�

=

X

E

(see subsection 3.3.1). This mak es sure that the follo wing

de�nition of the uni�cation t yp e of an E -uni�cation problem and of an equational

theory E is unam biguous.

3.4. Definition. Let E b e an equational theory , and let � b e an E -uni�cation

problem o v er F . The problem � has t yp e unitary ( �nitary , in�nitary ) i� it has

a minimal complete set of E -uni�ers of cardinalit y 1 (�nite cardinalit y , in�nite

cardinalit y). If � do es not ha v e a minimal complete set of E -uni�ers, then it is of

t yp e zer o . W e abbreviate t yp e unitary b y 1, t yp e �nitary b y ! , t yp e in�nitary b y

1 , and t yp e zero b y 0, and order these t yp es as follo ws: 1 < ! < 1 < 0.

The uni�c ation typ e of E w.r.t. the signature F is the maximal t yp e of an E -

uni�cation problem o v er F .

According to this de�nition, an equational theory that is unitary is not �nitary ,

and a theory of t yp e zero is not in�nitary . In the literature, these notion ha v e

sometimes b een de�ned suc h that unitary implies �nitary (i.e., unitary theories are a

sp ecial case of �nitary theories) and t yp e zero implies in�nitary . W e prefer a stricter

separation b et w een the t yp es. In order to express that a theory is unitary or �nitary

(in the sense of de�nition 3.4) w e sa y that it is at most �nitary . Analogously , to

express that a theory is in�nitary or of t yp e zero w e sa y that it is at le ast in�nitary .

It should also b e noted that the uni�cation t yp e of an equational theory dep ends

not only on E , but also on the set of function sym b ols F that are allo w ed to o ccur

in the uni�cation problems (see subsection 3.2.2 for more details). W e pro vide an

example for eac h of the four t yp es.

3.5. Example (unitary). Since an y uni�able uni�cation problem has a most gen-

eral syn tactic uni�er, the empt y theory ; (whic h ob viously de�nes syn tactic equal-

it y) has uni�cation t yp e unitary w.r.t. an y signature F .

3.6. Example (�nitary). Ab o v e, w e ha v e seen that comm utativit y C is not unitary

since the C -uni�cation problem f f ( x; y ) =

?

C

f ( a; b ) g do es not ha v e a most general

C -uni�er. It is not hard to sho w that C is �nitary w.r.t. an y signature F . In fact,

the C -equiv alence class [ t ]

C

:= f t

0

j t =

C

t

0

g of a giv en term t is easily sho wn to b e

�nite. F or a giv en C -uni�cation problem � = f s

1

=

?

C

t

1

; : : : ; s

n

=

?

C

t

n

g , w e consider

all p ossible syn tactic uni�cation problems of the form �

0

= f s

0

1

=

?

t

0

1

; : : : ; s

0

n

=

?

t

0

n

g

where s

i

=

C

s

0

i

and t

i

=

C

t

0

i

for all i; 1 � i � n . There are only �nitely man y

suc h sets �

0

, and it can b e sho wn that the collection of all the syn tactic most

general uni�ers of these sets is a complete set of C -uni�ers of � [Siekmann 1979].

In most cases, this set is not minimal, but ob viously a minimal complete set can b e

obtained b y eliminating redundan t elemen ts, i.e., elemen ts that are C -instances of

other elemen ts of the set.

3.7. Example (in�nitary). Ev en though asso ciativit y A is similar to C in that A -

equiv alence classes are �nite, the uni�cation metho d outlined for C do es not w ork
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for A . It is easy to see that the A -uni�cation problem f f ( a; x ) =

?

A

f ( x; a ) g has an

in�nite minimal complete set of A -uni�ers, namely f �

n

j n � 1 g , where for eac h

n the substitution �

n

:= f x 7! f ( a; f ( a; � � � ; f ( a; a ) � � � )) g replaces x b y a term

con taining n o ccurrences of the constan t a . Consequen tly , A cannot b e unitary or

�nitary . Plotkin [1972] describ es a pro cedure that generates a minimal complete

set of A -uni�ers of a giv en A -uni�cation problem o v er an arbitrary set of function

sym b ols F , whic h sho ws that A is in fact in�nitary and not of t yp e zero.

3.8. Example (zer o). The �rst example of an equational theory of uni�cation

t yp e zero w as describ ed b y F ages and Huet [1983] and [1986]. In [Baader

1986] it is sho wn that the theory of idemp oten t semigroups, i.e., AI := A [

f f ( x; x ) � x g is of uni�cation t yp e zero since the AI -uni�cation problem

f f ( x; f ( y ; x )) =

?

AI

f ( x; f ( z ; x )) g do es not ha v e a minimal complete set of AI -uni�ers.

This result w as also sho wn b y Sc hmidt-Sc hau� [1986 b ], but his example problem

f f ( z ; f ( a; f ( x; f ( a; z )))) =

?

AI

f ( z ; f ( a; z )) g con tains an additional constan t a .

F or syn tactic uni�cation, a \uni�cation algorithm" is an algorithm that com-

putes a most general (syn tactic) uni�er of a giv en uni�cation problem if it exists,

and determines non-uni�abilit y otherwise. F or equational uni�cation, this notion

m ust b e adapted. More precisely , w e are in terested in di�eren t t yp es of algorithms,

dep ending on what the equational theory allo ws and what is needed in applications.

An E -uni�c ation algorithm (w.r.t. F ) is an algorithm that computes a �nite com-

plete set of E -uni�ers for all E -uni�cation problems o v er F . Ideally , the computed

sets should also b e minimal. There are, ho w ev er, theories for whic h it is easier to

compute a not necessarily minimal set (comm utativit y C is an example). W e call

an E -uni�cation algorithm minimal i� it computes a �nite minimal complete set

of E -uni�ers. As men tioned in example 3.6, an E -uni�cation algorithm can alw a ys

b e turned in to a minimal one b y eliminating redundan t uni�ers, pro vided that the

E -instan tiation quasi-ordering is decidable.

In applications suc h as constrain t-based approac hes to automated deduction

and rewriting (see [B • urc k ert 1991, Nieu w enh uis and Rubio 1994, Kirc hner and

Kirc hner 1989] and [Nieu w enh uis and Rubio 2001], Chapter 7 of this Handb o ok), it

is not necessary to compute complete sets of uni�ers. Instead, it is su�cien t to test

uni�cation problems for uni�abilit y . An algorithm that is able to decide uni�abilit y

of E -uni�cation problems (o v er F ) is called a de cision pr o c e dur e for E -uni�cation

(w.r.t. F ). Ob viously , an y E -uni�cation algorithm yields a decision pro cedure for

E -uni�cation since a giv en E -uni�cation problem � is uni�able i� the computed

�nite complete set is nonempt y .

F or theories that are not unitary or �nitary , the notion of an E -uni�cation al-

gorithm, as in tro duced ab o v e, is not appropriate. A (minimal) E -uni�c ation pr o-

c e dur e is a pro cedure that en umerates a p ossibly in�nite (minimal) complete set

of E -uni�ers. The pro cedure b y Plotkin [1972] men tioned in example 3.7 is a mini-

mal A -uni�cation pro cedure. An E -uni�cation pro cedure need not yield a decision

pro cedure for E -uni�cation since it need not terminate ev en if the input prob-

lem do es not ha v e E -uni�ers. This is, e.g., the case for Plotkin's pro cedure. A -
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uni�cation (more precisely , the question whether there exists an A -uni�er for a

giv en A -uni�cation problem) is nev ertheless decidable, but this is a lot harder to

sho w [Mak anin 1977] than designing a minimal A -uni�cation pro cedure.

3.2. New issues

The notions in tro duced ab o v e deviate in sev eral resp ects from the notions in tro-

duced for syn tactic uni�cation. In this subsection, w e p oin t out the reasons wh y

this w as necessary .

3.2.1. The instantiation quasi-or dering

F or syn tactic uni�cation, the instan tiation quasi-ordering �

�

w as de�ned b y � �

�

� i�

there exists � suc h that � = � � . In the de�nition of the instan tiation quasi-ordering

for E -uni�cation, syn tactic equalit y is (quite naturally) replaced b y equalit y mo d-

ulo E . What ma y seem less clear is wh y w e ha v e restricted this equalit y (mo dulo

E ) to the v ariables o ccurring in the uni�cation problem. Ob viously , the ordering

obtained this w a y is stronger than the one that requires equalit y on all v ariables

(i.e., more substitutions are comparable). In applications in automated deduction,

where substitutions generally ha v e meaning only in the con text of the expressions

(i.e., uni�cation problems) that pro duced them, it is admissible to use an ordering

that compares alternate solutions only with resp ect to this small set of v ariables.

It is also advisable, as this stronger ordering allo ws for smaller minimal complete

sets. F or example, the theory A CU := A C [ f f ( x; e ) = x g is kno wn to b e uni-

tary w.r.t. F := f f ; e g . If the w eak er instan tiation quasi-ordering (i.e., the one

comparing substitutions on all v ariables) w ere used, this w ould no longer b e true

[Baader 1991].

Another di�erence b et w een the equational case and the syn tactic case concerns

the c haracterization of the instan tiation equiv alence

�

= . F or E = ; , t w o substitutions

are instan tiation equiv alen t i� they are equal up to comp osition with a v ariable

renaming. It should b e noted that this need no longer b e the case for E 6= ; ,

ev en if one replaces \equal up to comp osition with a v ariable renaming" b y \equal

mo dulo E up to comp osition with a v ariable renaming." F or example, consider the

equational theory I := f f ( x; x ) � x g , and the substitutions � := f x 7! y g and

� := f x 7! f ( y ; z ) g . Using the substitutions �

1

:= f y 7! f ( y ; z ) g and �

2

:= f y 7!

y ; z 7! y g , it is easy to sho w that �

�

=

f x g

E

� . Ho w ev er, a v ariable renaming cannot

iden tify y and z , and th us f ( y ; z ) � 6=

I

y for ev ery suc h renaming � .

3.2.2. The signatur e matters

In the de�nitions of E -uni�cation problems, uni�cation t yp e, etc., w e ha v e alw a ys

explicitly stated whic h function sym b ols ma y o ccur in the uni�cation problems. The

reason is that the uni�cation prop erties of an equational theory (lik e decidabilit y ,

uni�cation t yp e, etc.) ma y dep end on this set of function sym b ols. In most cases,

ho w ev er, a less �ne-grained distinction is su�cien t. Recall that S ig ( E ) denotes the
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set of all function sym b ols o ccurring in the equational theory E .

3.9. Definition. Let E b e an equational theory and � an E -uni�cation problem

o v er F .

� � is an elementary E -uni�cation problem i� F = S ig ( E ).

� � is an E -uni�cation problem with c onstants i� F n S ig ( E ) is a set of constan t

sym b ols.

� In a gener al E -uni�cation problem, F n S ig ( E ) ma y con tain arbitrary function

sym b ols.

F ollo wing this distinction, w e can in tro duce three di�eren t uni�cation t yp es for

an equational theory . The uni�c ation typ e of E w.r.t. elementary uni�c ation is

the maximal uni�cation t yp e of E w.r.t. all sets of function sym b ols F satisfying

F = S ig ( E ). Accordingly , the uni�c ation typ e of E w.r.t. uni�c ation with c onstants

is the maximal uni�cation t yp e of E w.r.t. all sets of function sym b ols F suc h that

F n S ig ( E ) is a set of constan t sym b ols, and the uni�c ation typ e of E w.r.t. gener al

uni�c ation

3

is the maximal uni�cation t yp e of E w.r.t. all signatures F . Ob viously ,

the same distinction can b e made for decidabilit y of E -uni�cation, and for other

in teresting prop erties of E -uni�cation problems. Constan t (function) sym b ols that

do not o ccur in E are called fr e e constan t (function) sym b ols w.r.t. E .

The theory A CU in tro duced ab o v e is an example of a theory that is unitary

for elemen tary uni�cation, but only �nitary for uni�cation with constan ts (see,

e.g., [Herold and Siekmann 1987]). B • urc k ert [1989] has sho wn that there exists an

equational theory for whic h elemen tary uni�cation is decidable, but uni�cation with

constan ts is undecidable.

Applications of equational uni�cation in automated deduction usually yield gen-

eral uni�cation problems. F or example, in resolution-based theorem pro ving, the

additional free function sym b ols are often generated b y Sk olemization.

F rom a strictly formal p oin t of view, the de�nition of an E -uni�er (see de�ni-

tion 3.1) is am biguous since it do es not sp ecify o v er whic h signature the terms that

are substituted for the v ariables ma y b e built. By default, w e ha v e assumed that

this set is the set F , whic h con tains all function sym b ols o ccurring in E or �. One

migh t ask whether there w ould b e a signi�can t di�erence if w e allo w ed the substi-

tutions to in tro duce additional free function sym b ols. It is easy to sho w, ho w ev er,

that there is no suc h di�erence since an y E -uni�er of � that in tro duces additional

free function sym b ols is an instance of an E -uni�er that uses only sym b ols from F :

this more general uni�er can, in principle, b e obtained b y replacing subterms start-

ing with suc h additional function sym b ols b y new v ariables, while taking care that

=

E

-equal subterms are replaced b y the same v ariable. Th us, if w e restrict the set

of E -uni�ers to substitutions o v er F , w e obtain a complete set of E -uni�ers ev en

w.r.t. substitutions o v er larger signatures. This justi�es the (formally somewhat

slopp y) de�nition of the set of E -uni�ers giv en ab o v e.

3

It should b e noted that this use of the term \general uni�cation" is distinct from the one

in [Gallier and Sn yder 1989, Sn yder 1991], where it refers to metho ds that pro vide uni�cation

pro cedures for arbitrary equational theories (see section 4.1).
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3.2.3. Single e quations versus systems of e quations

F or syn tactic uni�cation, solving a system of term equations can b e reduced to

solving a single equation s =

?

t . F or this reason, syn tactic uni�cation is sometimes

only considered for single equations. F or equational uni�cation, the same holds if

one considers general uni�cation. In fact, if f 2 F is an n -ary function sym b ol not

con tained in S ig ( E ), then the E -uni�cation problem f s

1

=

?

E

t

1

; : : : ; s

n

=

?

E

t

n

g o v er

F has the same set of uni�ers as f f ( s

1

; : : : ; s

n

) =

?

E

f ( t

1

; : : : ; t

n

) g .

F or elemen tary uni�cation and for uni�cation with constan ts, ho w ev er, there ma y

b e signi�can t di�erences. F or example, there exists an equational theory E suc h

that all elemen tary E -uni�cation problems of cardinalit y 1 (i.e., single equations)

ha v e minimal complete sets of E -uni�ers, but E is of t yp e zero w.r.t. elemen tary

uni�cation since there exists an elemen tary E -uni�cation problem of cardinalit y

2 that do es not ha v e a minimal complete set of E -uni�ers [B • urc k ert, Herold and

Sc hmidt-Sc hau� 1989]. Narendran and Otto [1990] giv e an example of a theory suc h

that uni�abilit y of elemen tary uni�cation problems of cardinalit y 1 is decidable, but

uni�abilit y is undecidable for elemen tary uni�cation problems of larger cardinalit y .

3.3. R eformulations

In this subsection, w e consider reform ulations of (some of ) the notions in tro duced

ab o v e from an order-theoretic, logical, algebraic, and category-theoretic p oin t of

view. This will shed a new ligh t on the notions, and it allo ws us to utilize approac hes

and results from the resp ectiv e areas in uni�cation theory .

3.3.1. The or der-the or etic p oint of view

Let E b e an equational theory and � an E -uni�cation problem with v ariables

X := V ar (�). W e kno w that the relation �

�

X

E

is a quasi-ordering on U

E

(�) with

asso ciated equiv alence relation

�

=

X

E

. Th us, �

�

X

E

induces a partial ordering � on the

set U := f [ � ] j � 2 U

E

(�) g of all

�

=

X

E

-classes [ � ] := f � j �

�

=

X

E

� g :

[ � ] � [ � ] i� � �

�

X

E

� :

This allo ws us to in v estigate notions lik e complete and minimal complete sets of

E -uni�ers on the abstract order-theoretic lev el.

Th us, let ( U; � ) b e an arbitrary partially ordered set. A subset C of U is called

c omplete i� for all u 2 U there exists c 2 C suc h that suc h that c � u . A complete

set C is called minimal i� it is minimal with resp ect to set inclusion.

3.10. Lemma. The c omplete set C � U is minimal i� for al l x; y 2 C , x � y

implies x = y .

Pr oof. If the elemen ts x; y of the complete set C satisfy x < y , then C n f y g is also

complete, whic h sho ws that C is not minimal. Con v ersely , if C

1

; C

2

are complete

sets suc h that C

1

� C

2

, then there exists y 2 C

2

n C

1

. Since C

1

is complete, there

exists x 2 C

1

suc h that x � y , and since y 62 C

1

, w e ha v e x 6= y .
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The follo wing lemma describ es the connection b et w een minimal complete sets

and minimal elemen ts in partially ordered sets.

3.11. Lemma. L et M b e the set of � -minimal elements of U .

1. If C � U is a minimal c omplete set, then C = M .

2. If M is c omplete, then it is minimal c omplete.

Pr oof. The second statemen t is ob vious, since di�eren t � -minimal elemen ts of U

cannot b e comparable w.r.t. � . T o sho w the �rst statemen t, let C � U b e a minimal

complete set. Ob viously , M � C since an y � -minimal elemen t m ust b e con tained

in a complete set. T o see the other inclusion, assume that y 2 C is not minimal.

Th us, there exists an elemen t y

0

2 U suc h that y

0

< y . Since C is complete, there

exists x 2 C suc h that x � y

0

. Th us, w e ha v e x; y 2 C with x < y , whic h sho ws

that C cannot b e minimal.

Figure 5 sho ws (the Hasse diagrams of ) t w o partially ordered sets. The left one

consists of an in�nitely descending c hain x

1

> x

2

> x

3

> � � � . Consequen tly , the

set of � -minimal elemen ts is empt y , and th us not complete. The righ t one also

con tains an in�nitely descending c hain (consisting of the elemen ts y

1

; y

2

; : : : ), but

the set of � -minimal elemen ts (the elemen ts z

1

; z

2

; : : : ) is ob viously complete. If

x

1

x

2

x

3

x

5

.

.

.

x

4

y

1

y

2

y

3

y

5

.

.

.

y

4

z

1

z

2

z

3

z

5

z

4

.

.

.

Figure 5: Tw o partially ordered sets.

U = f [ � ] j � 2 U

E

(�) g is the set of

�

=

X

E

-classes of E -uni�ers of �, and � is the

partial ordering on U induced b y �

�

X

E

, then lemma 3.11 yields a nice c haracterization

of all minimal complete sets of E -uni�ers. If M is a subset of U , then a set of

represen tativ es of M is an y subset of U

E

(�) that con tains for eac h class m 2 M

exactly one represen tativ e, i.e., a uni�er �

m

suc h that [ �

m

] = m .

3.12. Theorem. L et M b e the set of al l � -minimal elements of U . If C is a minimal

c omplete set of E -uni�ers of � , then M = f [ � ] j � 2 C g . Conversely, if M is

c omplete, then any set of r epr esentatives of M is a minimal c omplete set of E -

uni�ers of � .
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As an immediate consequence of this theorem w e can deduce

3.13. Cor ollar y. L et M b e the set of al l � -minimal elements of U .

1. A minimal c omplete set of E -uni�ers of � exists i� M is c omplete.

2. If a minimal c omplete set of E -uni�ers of � exists, then it is unique up to the

e quivalenc e

�

=

X

E

.

In [Baader 1989 a ], this order-theoretic p oin t of view w as used to deriv e di�eren t

c haracterizations of uni�cation t yp e zero.

3.3.2. The algebr aic and lo gic al p oint of view

It is w ell kno wn that the decision problems for elemen tary uni�cation and for uni-

�cation with constan ts corresp ond to natural classes of logical decision problems

[Bo c kma yr 1992], and it turns out that the same is true for general uni�cation.

Before stating these logical c haracterizations of E -uni�cation, w e recall some

results from univ ersal algebra ab out equationally de�ned classes (see, e.g., [Cohn

1965, Mal'cev 1971, Gr• atzer 1979] for more details). An equational theory E de�nes

a variety (or equational class) V ( E ), i.e., the class of all mo dels of E . The theory

E is called non-trivial if V ( E ) con tains algebras of cardinalit y > 1, and trivial

otherwise. Ob viously , E is trivial i� x =

E

y for distinct v ariables x; y . If E is

a non-trivial equational theory , then V ( E ) con tains free algebras o v er an y set of

generators. In fact, let F

0

:= S ig ( E ), and let X b e a set of v ariables of cardinalit y

� . Then the quotien t term algebra T ( F

0

; X ) =

=

E

is a free algebra in V ( E ). Its set

of generators consists of the =

E

-classes of the v ariables, and this set has cardinalit y

� since E w as assumed to b e non-trivial. W e call this algebra the E -fr e e algebr a

with gener ators X .

4

The fact that it is free in V ( E ) means that an y mapping from

X in to an algebra A 2 V ( E ) can uniquely b e extended to a homomorphism of

T ( F

0

; X ) =

=

E

in to A .

No w, w e in tro duce the classes of form ulae that corresp ond to equational uni�-

cation problems. Let E b e an equational theory , and F

0

:= S ig ( E ) b e the set of

function sym b ols o ccurring in E . An atomic F

0

-formula is an equation s = t . A

p ositive F

0

-matrix is built from atomic F

0

-form ulae using conjunction and disjunc-

tion. A p ositive F

0

-sentenc e is a quan ti�er-pre�x follo w ed b y a p ositiv e F

0

-matrix

that con tains only v ariables in tro duced in the pre�x. Without loss of generalit y

w e assume that the v ariables o ccurring in the pre�x are all distinct. A p ositive

existential F

0

-sen tence is a p ositiv e F

0

-sen tence whose pre�x con tains only exis-

ten tial quan ti�ers, and a p ositiv e AE F

0

-sen tence has a pre�x consisting of a blo c k

of univ ersal quan ti�ers, follo w ed b y a blo c k of existen tial quan ti�ers. The p ositiv e

(p ositiv e existen tial, p ositiv e AE) fragmen t of the equational theory E consists of

the set of all p ositiv e (p ositiv e existen tial, p ositiv e AE) F

0

-sen tences that are v alid

in E , i.e., true in all mo dels of E . Accordingly , for an F

0

-algebra A , the p ositiv e

4

Strictly sp eaking, the generators are the =

E

-classes of the elemen ts of X , but since di�eren t

v ariables b elong to di�eren t classes, w e sligh tly abuse the notation b y iden tifying a v ariable x 2 X

with its =

E

-class.
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(p ositiv e existen tial, p ositiv e AE) theory of A is the set of all p ositiv e (p ositiv e

existen tial, p ositiv e AE) F

0

-sen tences that are true in A .

3.14. Theorem. L et E b e a non-trivial e quational the ory, F

0

:= S ig ( E ) , and V a

c ountably in�nite set of variables.

1. Elementary E -uni�c ation is de cidable i� the p ositive existential fr agment of E

is de cidable i� the p ositive existential the ory of T ( F

0

; V ) =

=

E

is de cidable.

2. E -uni�c ation with c onstants is de cidable i� the p ositive AE fr agment of E is

de cidable i� the p ositive AE the ory of T ( F

0

; V ) =

=

E

is de cidable.

Pr oof. (1.1) Let � := f s

1

=

?

E

t

1

; : : : ; s

n

=

?

E

t

n

g b e an elemen tary E -uni�cation

problem, and let V ar (�) = f x

1

; : : : ; x

k

g . The terms s

1

; t

1

; : : : ; s

n

; t

n

are F

0

-terms

with v ariables in V ar (�), whic h implies that

�

�

:= 9 x

1

: � � � 9 x

k

: s

1

= t

1

^ : : : ^ s

n

= t

n

is a p ositiv e existen tial F

0

-sen tence. W e claim that � is E -uni�able i� �

�

holds in

T ( F

0

; V ) =

=

E

i� �

�

is v alid in E .

Assume that � is an E -uni�er of �, i.e., s

1

� =

E

t

1

� ; : : : ; s

n

� =

E

t

n

� . Without

loss of generalit y w e ma y assume that � in tro duces only v ariables from V . Th us, the

substitution � ma y also b e considered as a v aluation of the v ariables f x

1

; : : : ; x

k

g

b y elemen ts of T ( F

0

; V ) =

=

E

. Con v ersely , an y suc h v aluation can b e seen as a sub-

stitution. This sho ws that � is E -uni�able i� �

�

holds in T ( F

0

; V ) =

=

E

.

If �

�

is v alid in all mo dels of E , it ob viously holds in T ( F

0

; V ) =

=

E

2 V ( E ).

Con v ersely , assume that �

�

holds in T ( F

0

; V ) =

=

E

. If �

�

is not v alid in E , then there

exists an algebra A 2 V ( E ) in whic h �

�

do es not hold. By the L• ow enheim-Sk olem

theorem, w e ma y without loss of generalit y assume that A is coun table. Th us,

there exists a surjectiv e homomorphism from T ( F

0

; V ) =

=

E

on to A (extending an

arbitrary surjection of X on to the carrier of A ). Since v alidit y of p ositiv e sen tences is

in v arian t under surjectiv e homomorphisms,

5

v alidit y of �

�

in T ( F

0

; V ) =

=

E

2 V ( E )

implies v alidit y of �

�

in A , whic h is a con tradiction.

(1.2) Let � = 9 x

1

: � � � 9 x

n

:  b e a p ositiv e existen tial F

0

-sen tence. Without loss

of generalit y w e ma y assume that its matrix  is in disjunctiv e normal form, i.e.,

 =  

1

_ : : : _  

n

where the form ulae  

i

are conjunctions of equations. Since

existen tial quan ti�er distribute o v er disjunction, � is v alid in E (in T ( F

0

; V ) =

=

E

)

i� one of the form ulae 9 x

1

: � � � 9 x

n

:  

i

is v alid in E (in T ( F

0

; V ) =

=

E

). Ob viously ,

the form ulae  

i

can b e translated in to uni�cation problems �

i

, and as in part (1.1)

of the pro of w e can sho w that �

i

is uni�able i� 9 x

1

: � � � 9 x

n

:  

i

is v alid in E (in

T ( F

0

; V ) =

=

E

).

(2) The second equiv alence can b e sho wn as in part (1.1) of the pro of (since there

w e ha v e only used the fact that �

�

is a p ositiv e F

0

-sen tence).

T o see the �rst equiv alence, assume that � is a p ositiv e AE sen tence. Sk olemizing

the univ ersally quan ti�ed v ariables

6

yields a p ositiv e existen tial ( F

0

[ F

1

)-sen tence

5

See [Mal'cev 1973], pp. 143, 144 for a pro of.

6

W e m ust Sk olemize the univ ersally quan ti�ed v ariables since w e are in terested in v alidit y

instead of satis�abilit y .
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�

0

suc h that F

1

is a set of constan ts (not con tained in S ig ( E )) and � is v alid

in E i� �

0

is v alid in E . As in (1.2) of the pro of, �

0

can b e translated in to E -

uni�cation problems �

 

0

i

suc h that �

0

is v alid in E i� one of these uni�cation

problems is uni�able. Ob viously , the problems �

 

0

i

are E -uni�cation problem with

constan ts since they con tains the additional Sk olem constan ts F

1

. Con v ersely , an y

E -uni�cation problem with constan ts can b e turned in to a p ositiv e AE sen tence b y

replacing its free constan ts b y univ ersally quan ti�ed v ariables.

The reduction describ ed in part (1.2) of the pro of is exp onen tial in the w orst case

since the disjunctiv e normal form of the matrix  can b e exp onen tial in the size of

 . F or syn tactic equalit y (i.e., E = ; ), it can b e sho wn that the problem of deciding

v alidit y of p ositiv e existen tial sen tences is NP-complete, whereas the corresp onding

uni�cation problem is linear [Kozen 1981].

Before w e state the analogous corresp ondence b et w een general E -uni�cation and

the (full) p ositiv e fragmen t of E , w e in tro duce another class of uni�cation problems,

whic h turns out to b e equiv alen t to general E -uni�cation.

3.15. Definition. An E -uni�cation problem with line ar c onstant r estrictions (lcr)

consists of an E -uni�cation problem with constan ts, �, and a linear ordering < on

the v ariables and free constan ts o ccurring in �. A substitution � is an E -uni�er of

(� ; < ) i� it is an E -uni�er of � that satis�es

x < c implies c do es not o ccur in x�

for all v ariables x and free constan ts c in �.

F or example, the (syn tactic) uni�cation problem f f ( x ) =

?

f ( c ) g has f x 7! c g as

most general uni�er. Under the restriction x < c , this uni�er is not admissible.

3.16. Theorem. L et E b e a non-trivial e quational the ory, F

0

:= S ig ( E ) , and V a

c ountably in�nite set of variables. Then the fol lowing statements ar e e quivalent:

1. The p ositive the ory of E is de cidable.

2. The p ositive the ory of T ( F

0

; V ) =

=

E

is de cidable.

3. Gener al E -uni�c ation is de cidable.

4. E -uni�c ation with line ar c onstant r estrictions is de cidable.

Pr oof. W e only giv e a sk etc h of the pro of (see [Baader and Sc h ulz 1996] for details).

In order to sho w (1) , (2), it is su�cien t to sho w that a p ositiv e F

0

-sen tence �

is v alid in E i� it is true in T ( F

0

; V ) =

=

E

. This can b e sho wn as in part (1.1) of the

pro of of theorem 3.14.

A giv en p ositiv e sen tence � can b e turned in to a p ositiv e existen tial sen tence �

0

b y Sk olemization. As in part (2) of the pro of of theorem 3.14, v alidit y of �

0

can b e

reduced to v alidit y of sev eral E -uni�cation problems, whic h are general since they

ma y con tain Sk olem functions of arbitrary arit y . This sho ws (3) ) (1).

A giv en E -uni�cation problem with linear constan t restrictions (� ; < ) can b e

transformed in to a p ositiv e F

0

-sen tence �

<

�

as follo ws: the matrix of �

<

�

is simply
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the conjunction of all equations in �. Ho w ev er, the constan ts in � are considered

as v ariables in this matrix. The quan ti�er-pre�x con tains a univ ersal quan ti�er for

ev ery free constan t in �, and an existen tial quan ti�er for ev ery v ariable in �. The

order of the quan ti�ers is determined b y the linear ordering < . It can b e sho wn

that (� ; < ) is uni�able i� �

<

�

is v alid in E . This pro v es (1) ) (4).

Finally , (4) ) (3) follo ws from the com bination result in [Baader and Sc h ulz 1996]

(see section 6).

The follo wing example, in whic h w e assume E = f f ( x ) � f ( x ) g , illustrates the

transformation of an E -uni�cation problem with linear constan t restrictions in to a

p ositiv e sen tences, and of this p ositiv e sen tence in to a general E -uni�cation problem

(b y Sk olemization).

uni�cation with lcr p ositiv e sen tence general uni�cation

f x =

?

E

f ( c ) g ; x < c 9 x: 8 y : x = f ( y ) f x =

?

E

f ( h ( x )) g

f x

:

= f ( c ) g ; c < x 8 y : 9 x: x = f ( y ) f x =

?

E

f ( d ) g

The problem f x =

?

E

f ( c ) g is not uni�able under the restriction x < c , since an y

uni�er m ust replace x b y f ( c ), whic h con tains the forbidden constan t c . The cor-

resp onding p ositiv e sen tence 9 x: 8 y : x = f ( y ) is not v alid since it sa ys that f is

a constan t function, whic h is not true in all mo dels of E . Finally , the general E -

uni�cation problem f x =

?

E

f ( h ( x )) g , whic h con tains the Sk olem function h , is not

uni�able since one obtains an o ccurs c hec k failure. Changing the linear ordering

to c < x leads to a uni�able uni�cation problem with lcr, and the corresp onding

p ositiv e sen tence is trivially v alid.

3.3.3. The c ate gory-the or etic p oint of view

Let � := f s

i

=

?

E

t

i

j i = 1 ; : : : ; n g b e an E -uni�cation problem o v er F , and

X := V ar (�) b e the �nite set of v ariables o ccurring in �. Since all our calcu-

lations are done mo dulo E , w e ma y consider the terms s

i

and t

i

as elemen ts

of T ( F ; X ) =

=

E

, the E -free algebra with generators X . F or example, let F con-

sist of a binary function sym b ol f , and let A axiomatize asso ciativit y of f , i.e.,

A := f f ( x; f ( y ; z )) � f ( f ( x; y ) ; z ) g . The E -free algebra with generators X is the

free semigroup X

+

, whose elemen ts are the nonempt y w ords o v er the alphab et X .

Instead of writing terms lik e f ( x; f ( y ; f ( x; x ))) in A -uni�cation problems, w e can

omit the paren theses and all o ccurrences of the letter f , and simply write w ords

lik e xy xx .

Also, since the instan tiation quasi-ordering compares substitutions only on X and

mo dulo E , eac h substitution can b e seen as a homomorphism from T ( F ; X ) =

=

E

in to

an E -free algebra T ( F ; Y ) =

=

E

, where Y is a suitable �nite set (of v ariables or gener-

ators). F or example, mo dulo A , the substitution � := f x 7! f ( x; f ( y ; f ( x; x ))) ; y 7!

f ( y ; z ) g can b e view ed as a homomorphism � : f x; y g

+

! f x; y ; z g

+

that maps x to

the w ord xy xx and y to the w ord y z .
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The E -uni�cation problem � itself can b e represen ted as a pair of homomorphisms

b et w een �nitely generated E -free algebras. Indeed, let I := f x

1

; : : : ; x

n

g b e a set

of cardinalit y n . If w e de�ne � ; � : T ( F ; I ) =

=

E

! T ( F ; X ) =

=

E

b y

x

i

� := s

i

and x

i

� := t

i

( i = 1 ; : : : ; n ) ;

then � : T ( F ; X ) =

=

E

! T ( F ; Y ) =

=

E

is an E -uni�er of � i� x

i

� � = s

i

� = t

i

� =

x

i

� � ,

7

that is, i� � � = � � . Consequen tly , an y E -uni�cation problem o v er F can b e

represen ted as a parallel pair of morphisms in the follo wing category:

8

3.17. Definition. Let E b e an equational theory and F b e a signature suc h that

S ig ( E ) � F . The category C

F

( E ) is de�ned as follo ws:

1. The ob jects of C

F

( E ) are the �nitely generated E -free algebras T ( F ; X ) =

=

E

.

2. The morphisms of C

F

( E ) are the homomorphisms b et w een these algebras. F or

a morphism � : T ( F ; X ) =

=

E

! T ( F ; Y ) =

=

E

, the algebra T ( F ; X ) =

=

E

is called

its domain, and the algebra T ( F ; Y ) =

=

E

its co domain.

3. Comp osition � � of morphisms is the usual comp osition of mappings, whic h is

only de�ned if the co domain of � coincides with the domain of � .

A uni�c ation pr oblem in C

F

( E ) is a pair h � ; � i of morphisms � ; � : T ( F ; I ) =

=

E

!

T ( F ; X ) =

=

E

ha ving the same domain and the same co domain. A uni�er of h � ; � i

in C

F

( E ) is a morphism � with domain T ( F ; X ) =

=

E

suc h that � � = � � .

The instan tiation quasi-order, and the notions complete and minimal complete

set of uni�ers as w ell as most general uni�er can b e adapted in an ob vious w a y to

this view of E -uni�cation as a problem in C

F

( E ). F or example, the morphism � is

a most gener al uni�er of h � ; � i i� it is a uni�er of h � ; � i suc h that, for all uni�ers �

of h � ; � i , there exists a morphism � satisfying � = � � .

Readers familiar with basic notions from category theory ma y ha v e noticed that

this de�nition of a most general uni�er of h � ; � i strongly resem bles the de�nition of

a c o e qualizer of a parallel pair of morphisms (i.e., a pair with the same domain and

the same co domain). The only di�erence is that for a most general uni�er of h � ; � i

to b e a co equalizer, the morphism � suc h that � = � � m ust alw a ys b e unique .

It is easy to see that a most general uni�er of h � ; � i need not b e a co equalizer of

this parallel pair. F or example, the most general (syn tactic) uni�er � := f y 7! x g of

the equation f ( x; y ) =

?

f ( y ; x ) can b e view ed as a morphism �

Y

: T ( f f g ; f x; y g ) !

T ( f f g ; Y ) for an y �nite set of v ariables Y con taining x . All these morphisms are

most general uni�ers of the parallel pair corresp onding to the uni�cation problem

f ( x; y ) =

?

f ( y ; x ), but only �

f x g

is a co equalizer. More generally , a most general

uni�er in C

F

( ; ) need not b e a co equalizer, but it can alw a ys b e transformed in to

one b y appropriately restricting the set of generators in its co domain.

F or nonempt y theories, suc h a transformation need not b e p ossible, ho w ev er. As

sho wn in [Baader 1991], there exists an equational theory , namely the theory A CU

7

Since terms are no w view ed as elemen ts of E -free algebras (i.e., =

E

-equiv alence classes), w e

ma y write equalit y (=) in place of equalit y mo dulo E (=

E

).

8

See [Pierce 1991] for basic de�nitions and results of category theory .
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that axiomatizes an asso ciativ e-comm utativ e binary sym b ol f with a unit e , suc h

that all solv able uni�cation problems in C

f f ;e g

( A CU ) ha v e a most general uni�er,

but not all solv able uni�cation problems in this category ha v e a co equalizer. In the

applications of E -uni�cation in automated deduction, the additional uniqueness

requiremen t in the de�nition of a co equalizer is not relev an t. Th us, one should stic k

with the de�nition of a most general uni�er as in tro duced ab o v e, and not replace

it b y the one of a co equalizer.

As suc h, the simple observ ation that E -uni�cation has a category-theoretic in-

terpretation do es not solv e an y problems: it just transforms them in to a di�eren t

represen tation. This new represen tation is only of in terest if tec hniques and re-

sults from category theory can b e used to solv e new and in teresting problems in

uni�cation theory . Rydeheard and Burstall [1985] use the category-theoretic repre-

sen tation of syn tactic uni�cation to deriv e a uni�cation algorithm based on colimit

constructions in C

F

( ; ). In [Baader 1989 b ], results from category theory on so-called

semi-additiv e categories are used to obtain results on uni�cation mo dulo so-called

comm utativ e theories (see subsection 5.2 b elo w).

Ev en though the construction of the category C

F

( E ) is quite natural, there are

also other w a ys of represen ting uni�cation problems in category-theoretic terms.

Whereas Goguen [1989] just in tro duces the dual category of C

F

( E ) (where mor-

phisms are in v erse homomorphisms), Ghilardi [1997] tak es a quite di�eren t ap-

proac h: he considers the category of all algebras in V ( E ) (not only the �nitely

generated free ones), and represen ts uni�cation problems as �nitely presen ted alge-

bras in this category . In this setting, the pro of that uni�cation in Bo olean algebras

and in primal algebras is unitary [Nipk o w 1990] b ecomes trivial.

3.4. Survey of r esults for sp e ci�c the ories

Researc h in uni�cation theory has pro duced results on uni�cation prop erties of a

great v ariet y of equational theories. In this section, w e will brie
y review some of

these results, with an emphasis on the more recen t ones that are not y et co v ered

b y previous surv eys of the area [Siekmann 1989, Jouannaud and Kirc hner 1991,

Kapur and Narendran 1992 a , Baader and Siekmann 1994]. F or eac h theory , w e are

in terested in the decision problem and its complexit y as w ell as its uni�cation t yp e

and the existence of uni�cation algorithms and pro cedures. Dep ending on whic h

kind of uni�cation problems (elemen tary , with constan ts, or general) is considered,

there ma y exist di�eren t results for a giv en theory .

Asso ciativit y

The theory A

f

:= f f ( f ( x; y ) ; z ) � f ( x; f ( y ; z )) g axiomatizes asso ciativit y of the

binary function sym b ol f .

De cision pr oblem: This problem, whic h is v ery hard and had b een op en for a long

time, w as �nally solv ed b y Mak anin [1977], who pro v es decidabilit y of A

f

-

uni�cation with constan ts (see also [P � ecuc het 1981, Ja�ar 1990, Ab dulrab and

P � ecuc het 1989, Sc h ulz 1993]). Using general com bination tec hniques and an
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extension of Mak anin's algorithm [Sc h ulz 1992], decidabilit y of general A

f

-

uni�cation w as sho wn in [Baader and Sc h ulz 1992, Baader and Sc h ulz 1996].

The decision problem for A

f

-uni�cation is NP-hard [Benana v, Kapur and

Narendran 1985]. The kno wn upp er b ound is still higher, ev en though there has

recen tly b een considerable progress in lo w ering the b ound: the 3-NEXPTIME

result b y Koscielski and P ac holski [1990] w as �rst impro v ed to EXPSP A CE

b y Guti � errez [1998], then to NEXPTIME b y Plando wski [1999 a ], and �nally

to PSP A CE [Plando wski 1999 b ]. In terestingly , the last t w o results no longer

need Mak anin's algorithm, i.e., they yield a new decision pro cedure that is

indep enden t of Mak anin's result.

Uni�c ation typ e: in�nitary for all three kinds of uni�cation problems [Plotkin 1972]

(see also example 3.7).

Uni�c ation pr o c e dur es: Plotkin [1972] describ es a minimal uni�cation pro cedure for

general A

f

-uni�cation, whic h can ev en deal with sev eral asso ciativ e function

sym b ols. In general, this pro cedure do es not yield a decision pro cedure since

it need not terminate ev en for non-solv able problems or problems ha ving a

�nite minimal complete set of A

f

-uni�ers. F or certain restricted t yp es of A

f

-

uni�cation problems, mo di�cations of Plotkin's pro cedure can b e turned in to

decision pro cedures that are simpler than Mak anin's general pro cedure [Au�ra y

and Enjalb ert 1992, Sc hmidt 1998].

Comm utativit y

The theory C

f

:= f f ( x; y ) � f ( y ; x )) g , whic h axiomatizes comm utativit y of the

binary function sym b ol f , has already b een considered in example 3.6.

De cision pr oblem: NP-complete for C

f

-uni�cation with constan ts and general C

f

-

uni�cation. The hardness result for uni�cation with constan ts is men tioned in

[Garey and Johnson 1979], where it is attributed to Sethi (priv ate comm uni-

cation, 1977). A simple NP-hardness pro of due to Narendran (priv ate com-

m unication, 1993) is sk etc hed in [Baader and Siekmann 1994]. It is easy to

see that this pro of can also b e used to sho w NP-hardness of elemen tary C

f

-

uni�cation (priv ate comm unication b y Narendran, 1997).

9

NP-decision pro ce-

dures for general C

f

-uni�cation can easily b e obtained from the simple uni�ca-

tion algorithm sk etc hed in example 3.6: instead of testing all p ossible sets �

0

,

the non-deterministic decision pro cedure �rst guesses suc h a set �

0

, and then

tests whether this set has a syn tactic uni�er.

Uni�c ation typ e: �nitary for all three kinds of uni�cation problems [Siekmann

1979].

Uni�c ation algorithms: In addition to Siekmann's simple (non-minimal) uni�cation

algorithm for general C

f

-uni�cation [Siekmann 1979], v arious other metho ds

ha v e b een prop osed [F ages 1983, Kirc hner 1985, Herold 1987]. Ho w ev er, none

of them directly pro duces a minimal complete set of C

f

-uni�ers.

9

In this pro of, simply replace the constan ts a; b b y the terms t

a

:= f ( x; f ( x; x ) and t

b

:= f ( x; x )

and add for eac h prop ositional v ariable q an equation f ( x

q

; y

q

) =

?

C

f

f ( t

a

; t

b

), whic h mak es sure

that x

q

is instan tiated either b y t

a

or b y t

b

.
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Distributivit y

The theories D

l

f ;g

:= f f ( x; g ( y ; z )) � g ( f ( x; y ) ; f ( x; z )) g and D

r

f ;g

:= f f ( g ( y ; z ) ; x )

� g ( f ( y ; x ) ; f ( z ; x )) g axiomatize left-distributivit y and righ t-distributivit y of f o v er

g , and their union D

f ;g

:= D

l

f ;g

[ D

r

f ;g

axiomatizes (b oth-sided) distributivit y of

f o v er g . In addition, w e consider com binations of these theories with A

g

and

U

f

:= f f ( x; e ) � x; f ( e; x ) � x g .

De cision pr oblem: D

l

f ;g

-uni�cation (and, b y symmetry , D

r

f ;g

-uni�cation) with con-

stan ts is decidable in p olynomial time [Tid � en and Arn b org 1987].

If one adds a unit for f , i.e., considers D

l

f ;g

[ U

f

(or D

r

f ;g

[ U

f

), then the prob-

lem b ecomes m uc h harder since A

f

-uni�cation can b e reduced to ( D

l

f ;g

[ U

f

)-

uni�cation. Decidabilit y of ( D

l

f ;g

[ U

f

)-uni�cation with constan ts w as sho wn in

[Sc hmidt-Sc hau� 1996 b ]. Since this decision pro cedure can b e extended to cop e

with linear constan t restrictions, general results on the com bination of decision

pro cedures [Baader and Sc h ulz 1996] imply that general ( D

l

f ;g

[ U

f

)-uni�cation

is decidable.

F or uni�cation mo dulo b oth-sided distributivit y , the decision problem w as op en

for quite a while. After some preliminary decidabilit y results for restricted

classes of D

f ;g

-uni�cation problems [Con tejean 1993, Sc hmidt-Sc hau� 1992],

decidabilit y of D

f ;g

-uni�cation with constan ts w as �nally sho wn b y Sc hmidt-

Sc hau� [1996 a ]. His non-deterministic algorithm reduces solv abilit y of D

f ;g

-

uni�cation problems with constan ts to A

f

-uni�cation with constan ts and A CU -

uni�cation with linear constan t restrictions. Th us, the algorithm is of quite high

complexit y , compared to the b est kno wn lo w er b ound, whic h is NP-hard [Tid � en

and Arn b org 1987].

Undecidabilit y of ( D

f ;g

[ A

g

)-uni�cation with constan ts w as pro v ed in [Szab� o

1982, Siekmann and Szab� o 1989]. This negativ e result has b een strengthened in

[Tid � en and Arn b org 1987]: ev ery equational theory that lies ab o v e ( D

f ;g

[ A

g

)

or ( D

l

f ;g

[ U

f

[ A

g

) and is consisten t with P eano arithmetic (where f stands

for m ultiplication, g for addition, and e for 1) has an undecidable uni�cation

problem. Decidabilit y of ( D

f ;g

[ U

f

)-uni�cation is still an op en problem.

Uni�c ation typ e: in�nitary for D

f ;g

-uni�cation problems with constan ts and gen-

eral D

f ;g

-uni�cation problems. Szab� o [1982] giv es an example of a D

f ;g

-

uni�cation problem with constan ts whose minimal complete set of uni�ers is

in�nite. The existence of minimal complete sets of D

f ;g

-uni�ers (for all three

kinds of uni�cation problems) is a consequence of the fact that the =

D

f ;g

-class

of a giv en term is alw a ys �nite [Szab� o 1982], whic h implies that the instan-

tiation quasi-ordering �

�

X

D

f ;g

is No etherian [Szab� o 1982, B • urc k ert et al. 1989].

D

l

f ;g

-uni�cation (and, b y symmetry , D

r

f ;g

-uni�cation) with constan ts is unitary ,

and an mgu can b e computed in p olynomial time [Tid � en and Arn b org 1987].

Asso ciativit y-comm utativit y

The theories A C

f

:= A

f

[ C

f

and A CU

f

:= A C

f

[ U

f

will b e considered in

more detail in subsection 5.1. Examples of op erations satisfying theses iden tities

are addition and m ultiplication of (rational, real, etc.) n um b ers.
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De cision pr oblem: NP-complete for uni�cation problems with constan ts and general

uni�cation problems b oth for A C

f

and A CU

f

[Kapur and Narendran 1992 a ].

Elemen tary A CU

f

-uni�cation problems alw a ys ha v e a trivial solution, and solv-

abilit y of elemen tary A C

f

-uni�cation problems is decidable in p olynomial time

using linear programming [Domenjoud 1991].

Uni�c ation typ e: A CU

f

is unitary for elemen tary and �nitary for the t w o other

kinds of uni�cation problems, and A C

f

is �nitary for all three kinds of uni�-

cation problems [Liv esey and Siekmann 1975, Stic k el 1981, F ages 1987]. The

n um b er of uni�ers in a minimal complete set of A C

f

-uni�ers ma y b e doubly-

exp onen tial in the size of a giv en elemen tary A C

f

-uni�cation problem [Kapur

and Narendran 1992 b ].

Uni�c ation algorithms: Because uni�cation mo dulo asso ciativit y-comm utativit y

has man y applications in automated deduction, a great v ariet y of uni�cation

algorithms has b een dev elop ed for A C

f

and A CU

f

[Stic k el 1975, Liv esey and

Siekmann 1975, Kirc hner 1985, F orten bac her 1985, B • uttner 1986 a , Herold 1987,

Herold and Siekmann 1987, Lincoln and Christian 1989, Boudet, Con tejean and

Devie 1990] (see also subsection 5.1).

Asso ciativit y-comm utativit y-idemp otency

W e consider the theories A CI

f

:= A C

f

[ f f ( x; x ) � x g , its extension b y a unit

e , A CUI

f

:= A CI

f

[ U

f

, and b y a zero n , A CUZI

f

:= A CUI [ f f ( x; n ) � n g .

Examples of op erations satisfying theses iden tities are union and in tersection of

sets. The theory A CUI

f

will b e considered in more detail in subsection 5.1.

De cision pr oblem: F or all three theories, the decision problem is p olynomial for

elemen tary uni�cation and for uni�cation with constan ts, and NP-complete

for general uni�cation [Kapur and Narendran 1992 a , Narendran 1996 b ]. Lik e

syn tactic uni�cation, A CI

f

- and A CUI

f

-uni�cation with constan ts are not only

in P , but ev en P -complete [Hermann and Kolaitis 1997].

Uni�c ation typ e: A CUI

f

is unitary for elemen tary and �nitary for the t w o other

kinds of uni�cation problems, and A CI

f

is �nitary for all three kinds of uni-

�cation problems [Liv esey and Siekmann 1975, B • uttner 1986 b , Baader and

B • uttner 1988, Kapur and Narendran 1992 b ]. As with A C

f

, the n um b er of A CI

f

-

uni�ers in a minimal complete set ma y b e doubly-exp onen tial in the size of a

giv en elemen tary A CI

f

-uni�cation problem [Kapur and Narendran 1992 b ]. Her-

mann and Kolaitis sho w that computing the cardinalit y of a minimal complete

set of uni�ers for giv en A CI

f

- or A CUI

f

-uni�cation uni�cation problems is

# P -hard, whic h implies that this function cannot b e computed in p olynomial

time, unless P = NP [Hermann and Kolaitis 1997].

Uni�c ation algorithms: Baader and B • uttner [1988] describ e an algorithm for

A CUI

f

-uni�cation problems with constan ts consisting of a single equation, and

Kapur and Narendran [1992 b ] sk etc h an algorithm for general A CI

f

-uni�cation.
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Ab elian groups

The theory of Ab elian groups is de�ned b y the iden tities A G

f

:= A CU

f

[

f f ( i ( x ) ; x ) � e g .

De cision pr oblem: trivial for elemen tary uni�cation, p olynomial for uni�cation with

constan ts [Baader and Siekmann 1994], and NP-complete for general uni�cation

[Sc h ulz 1997].

Uni�c ation typ e: unitary for elemen tary uni�cation and for uni�cation with con-

stan ts [Lankford, Butler and Brady 1984], and �nitary for general uni�cation

[Sc hmidt-Sc hau� 1989 b , Boudet, Jouannaud and Sc hmidt-Sc hau� 1989]. Com-

puting the cardinalit y of a minimal complete set of uni�ers for a giv en general

A G

f

-uni�cation is again # P -hard [Hermann and Kolaitis 1996].

Uni�c ation algorithms: Lankford et al. [1984] describ e an algorithm for A G

f

-

uni�cation with constan ts, and Sc hmidt-Sc hau� [1989 b ] sho ws that this algo-

rithm can b e com bined with an algorithm for syn tactic uni�cation in to an

algorithm for general A G

f

-uni�cation.

Comm utativ e and Bo olean rings

Let CR U denote the w ell-kno wn axioms for comm utativ e rings with a (m ultiplica-

tiv e) unit, and BR the theory of Bo olean rings.

De cision pr oblem: As sk etc hed in [Baader and Siekmann 1994], undecidabilit y of

elemen tary CR U -uni�cation is an easy consequence of the fact that Hilb ert's

10th problem is undecidable [Matiy asevic h 1971, Da vis 1973].

F or the theory BR , the decision problem is NP-complete for elemen tary uni�-

cation, �

p

2

-complete for uni�cation with constan ts, and PSP A CE-complete for

general uni�cation [Baader 1998].

Uni�c ation typ e: The uni�cation t yp e of CR U is at least in�nitary , ev en for ele-

men tary uni�cation [Burris and La wrence 1990].

10

.

BR is unitary for elemen tary uni�cation and for uni�cation with constan ts

[B • uttner and Simonis 1987, Martin and Nipk o w 1989 b , Martin and Nipk o w

1989 a ], and �nitary for general uni�cation [Sc hmidt-Sc hau� 1989 b ]. As with the

theory of Ab elian groups, the problem of computing the cardinalit y of a minimal

complete set of uni�ers is # P -hard for general BR -uni�cation [Hermann and

Kolaitis 1996].

Uni�c ation algorithms: Algorithms that compute most general uni�ers for elemen-

tary BR -uni�cation and BR -uni�cation with constan ts are describ ed in [B • uttner

and Simonis 1987, Martin and Nipk o w 1989 b , Martin and Nipk o w 1989 a ]. Gen-

eral com bination metho ds can b e used to obtain algorithms for general BR -

uni�cation [Sc hmidt-Sc hau� 1989 b , Boudet et al. 1989].

Endomorphisms

The theory End

h;g

:= f h ( g ( x; y )) � g ( h ( x ) ; h ( y )) g states that the unary function

sym b ol h b eha v es lik e an endomorphism for the binary function sym b ol g , and

10

The closely related theory of comm utativ e semi rings is kno wn to b e of uni�cation t yp e zero

w.r.t. elemen tary uni�cation [F ranzen 1992]
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End

h;e

:= f h ( e ) � e g states that h b eha v es lik e an endomorphism for the constan t

sym b ol e . W e consider these t w o theories in com bination with some of the theories

in tro duced ab o v e:

De cision pr oblem: Solv abilit y of End

h;g

-uni�cation problems with constan ts is de-

cidable [V ogel 1978].

F or the theories End

h;g

[ A C

g

and End

h;g

[ End

h;e

[ A CU

g

, solv abilit y of uni-

�cation problems with constan ts is undecidable [Narendran 1996 a ].

In con trast, solv abilit y of uni�cation problems with constan ts is decidable for

the theory End

h;g

[ End

h;e

[ A CUI

g

. In [Baader and Narendran 1998] it sho wn

that this problem is EXPTIME-complete.

A similar result holds for End

h;g

[ A CUI

g

: for this theory , the decision problem is

kno wn to b e co-NP-hard and in EXPTIME [Guo, Narendran and Sh ukla 1998].

Finally , for End

h;g

[ End

h;e

[ A G

g

, decidabilit y of uni�cation with constan ts

w as sho wn in [Baader 1993]. Since this decidabilit y result can b e extended to

uni�cation with linear constan t restrictions, general com bination results yield

decidabilit y for general uni�cation mo dulo this theory [Baader and Nutt 1996].

Uni�c ation typ e: The theory End

h;g

is unitary for uni�cation with constan ts [V ogel

1978].

End

h;g

[ End

h;e

[ A CU

g

and End

h;g

[ End

h;e

[ A CUI

g

are of t yp e zero, ev en

for elemen tary uni�cation [Baader 1993, Baader 1989 b ].

End

h;g

[ End

h;e

[ A G

g

is unitary for elemen tary uni�cation and for uni�cation

with constan ts [Nutt 1990, Baader 1993], and �nitary for general uni�cation

[Baader and Nutt 1996].

In addition to in v estigating uni�cation prop erties of sp eci�c equational theories

of in terest, uni�cation theory also tries to dev elop more general metho ds, and th us

to obtain results for whole classes of equational theories. Since uni�cation mo dulo

equational theories is in general undecidable (as illustrated b y some of the examples

ab o v e), and also uni�cation prop erties suc h as the uni�cation t yp e of a giv en the-

ory are in general undecidable [Nutt 1991], approac hes that apply to all equational

theories are lik ely to yield v ery w eak results. F or example, the general E -uni�cation

pro cedure in tro duced in section 4.1, whic h can b e used to en umerate a complete

set of E -uni�ers, is v ery ine�cien t, and usually do es not yield a decision pro cedure

or a (minimal) E -uni�cation algorithm ev en for unitary or �nitary theories whose

uni�cation problem is decidable. In order to obtain more useful results, one can try

to dev elop metho ds that w ork for appropriately restricted classes of theories. There

are basically t w o di�eren t w a ys of in tro ducing appropriate restrictions on equa-

tional theories. Syntactic appr o aches imp ose restrictions on the syn tactic form of

the iden tities de�ning the equational theories. The uni�cation metho ds pro duced b y

these approac hes are usually also of a quite syn tactic nature: as with the rule-based

approac h to syn tactic uni�cation, they transform the giv en uni�cation problem in to

a problem in solv ed form (section 4). In con trast, semantic appr o aches dep end on

prop erties of the (free) algebras de�ned b y the equational theory . Uni�cation prob-

lems are translated in to equations o v er certain algebraic structures, whic h (in some

cases) can b e solv ed using kno wn results from mathematics (section 5).
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4. Syn tactic metho ds for E -uni�cation

In this section w e discuss t w o syn tactic approac hes to generating complete sets of

E -uni�ers, using inference systems extending the set U presen ted in section 2.2.3.

W e �rst consider the general problem ( E -uni�cation in arbitrary theories) and

sho w ho w it can b e solv ed b y adding a single rule to in tro duce iden tities in to the

transformation pro cess; this simple metho d is pro v ed to b e complete and some

restrictions whic h preserv e completeness are discussed. W e then presen t the most

signi�can t sp ecial case of the general problem, when the equational theory can

b e presen ted b y a con v ergen t set of rewrite rules. This metho d, called narr owing ,

has b een thoroughly in v estigated, and w e will presen t the ma jor results in the

framew ork of transformation rules.

4.1. E -uni�c ation in arbitr ary the ories

In this section, w e presen t a rule for in tro ducing iden tities in to inference steps in U

in suc h a w a y that a complete set of E -uni�ers for an arbitrary set E of equations

ma y b e generated. By sp ecializing v arious asp ects of the resultan t calculus (and its

completeness pro of ), w e will obtain more practical metho ds for the sp ecial case of

con v ergen t sets of rewrite rules. The results of this section are based on [Gallier

and Sn yder 1989, Sn yder 1991].

In this section w e assume that the reader is familiar with the basic concepts of

rewriting (esp ecially equational pro ofs, reduction orderings, ground con v ergence,

and critical pairs) discussed in [Dersho witz and Plaisted 2001] (Chapter 9 of this

Handb o ok). By r ewrite pr o of w e refer to a sequence of rewrite steps b et w een t w o

terms of the form

s

�

� ! u

�

 � t

where u is in normal form. W e will use e [ u ] in the follo wing to represen t a equation

(or iden tit y) with a distinguished o ccurrence of a subterm u in one of its terms; in

suc h a con text e [ r ] will denote the result of replacing this subterm with the term r .

W e will use systems P ; S , represen ting uni�cation problems and sets of equations

in solv ed form, as b efore.

4.1. Definition. F or an y equational theory E , a substitution � is an E -solution

(or simply a solution when E is understo o d) of a system P ; S if it is an E -uni�er

of ev ery equation in P , and a uni�er of ev ery equation in S .

4.1.1. The c alculus G

The set G of inference rules consists of the rules T rivial, Decomp osition, Orien tation,

and V ariable Elimination from U , plus the follo wing rule for in tro ducing iden tities:

Lazy P aramo dulation (LP) :

f e [ u ] g [ P ; S = )

lp

f l

?

= u; e [ r ] g [ P ; S
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for a fresh v arian t

11

of the iden tit y l � r from E [ E

� 1

, and where (i) u is not

a v ariable, and (ii) if l is not a v ariable, then the top sym b ols of l and u are

iden tical, and no other inference rule ma y b e applied to the equation l =

?

u b efore

it is sub jected to a Decomp osition step.

Computation in G pro ceeds as in U , starting with an initial system of the form

f s =

?

t g ; ; and applying inference rules in an attempt to �nd some terminal system

; ; S represen ting an E -uni�er �

S

of s and t . Clearly , b y the general c haracteristics

of E -uni�cation discussed ab o v e, suc h a pro cess can not share the nice prop erties

of U whic h w e discussed in section 2.2.4. Ho w ev er, it is p ossible to sa y quite a lot

ab out ho w to restrict the application of rules, as w e shall see.

4.1.2. Completeness of G

It can b e sho wn easily that the calculus G is sound in the sense that a solution it

pro duces is alw a ys an E -uni�er; ho w ev er this pro of do es not giv e m uc h insigh t in to

the prop erties of G and w e refer the in terested reader to [Gallier and Sn yder 1989]. It

is more in teresting to consider the issue of completeness, whic h is considerably more

complex than in the standard case. What w e w an t to sho w is that if w e consider

the (�nitely-branc hing but in�nite) searc h tree of ev ery p ossible transformation

sequence starting from f s =

?

t g ; ; , then the lea v es form a complete set of E -uni�ers

for s and t . Ho w ev er, it is simpler to state and pro v e this in the follo wing \non-

deterministic" form.

4.2. Theorem. L et E b e a non-trivial e quational the ory and P b e a set of uni�c a-

tion pr oblems. If � is an E -solution of P ; ; , then ther e exists a se quenc e

P ; ;

�

= ) ; ; S

(with S in solve d form) in the c alculus G such that �

S

�

�

X

E

� , wher e X = V ar s ( P ) .

There are three main stages to the pro of. First w e will pro v e the result giv en

certain strong restrictions on the equational theory E . Then w e construct a kind

of \abstract completion" of E whic h has the requisite restrictions; �nally , w e sho w

that an y transformation sequence using this abstract completion can b e con v erted

in to one using simply E .

The ma jor di�cult y in pro ving completeness of equational inference systems

is generally in dealing with the restriction that equational steps not tak e place at

v ariable p ositions (hence, \ u is not a v ariable" in LP). The solution, due to P eterson

[1983], is to w ork with a restricted form of substitution in the pro of.

4.3. Definition. Giv en a rewrite system R , a substitution � is R - r e duc e d (or just

r e duc e d if R is unimp ortan t) if for ev ery x 2 D om ( � ), x� is in R -normal form.

11

By a fr esh variant w e refer to an expression that has b een renamed with fresh v ariables that

do not o ccur an ywhere else in the previous computation. Whenev er w e men tion a rewrite rule or

iden tit y used in an inference step, w e will assume that it has b een so renamed.
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Note that it is alw a ys p ossible for an y � and terminating set of rules R to �nd an R -

equiv alen t reduced substitution �

0

. This allo ws us to assume, when \lifting" rewrite

steps at the ground lev el to inference steps, that the p osition is a non-v ariable.

Another essen tial ingredien t in our pro of is the notion of an \orien ted ground

instance" of an iden tit y .

4.4. Definition. Let E b e a non-trivial equational theory and � b e a reduction

ordering total on ground terms. The set of gr ound instanc es of E is

Gr ( E ) := f l � � r � j l � and r � are ground and l � r 2 E [ E

� 1

g :

The set of oriente d gr ound instanc es of E is

Gr

�

( E ) := f l � � ! r � j l � � r � 2 Gr ( E ) and l � � r � g :

A mem b er l � � ! r � of suc h a set is called r e duc e d if � is reduced with resp ect to

the en tire set.

12

F or an y E , the set of reduced orien ted ground instances is denoted

R

E

.

An imp ortan t fact ab out Gr ( E ) is the follo wing.

4.5. Pr oposition. F or any two gr ound terms s and t , ther e exists an e quational

pr o of s

�

 !

E

t i� ther e exists a pr o of s

�

 !

Gr ( E )

t

This is easily pro v ed b y sho wing that equational steps are closed under instan tiation,

and hence w e can instan tiate an y \un b ound v ariables" b y ground terms so that only

ground instances of iden tities from E are used.

Another kind of restriction on pro ofs, whic h will b e essen tial in pro ving the

\no inferences in to v ariable p ositions" restriction in our completeness result, is the

sub ject of the next de�nition and lemma.

4.6. Definition. Let u� b e an instance of u , and R a set of rewrite rules. A

rewrite step u� � !

R

u

0

is b ase d on u i� the redex is at a non-v ariable p osition in

u (equiv alen tly , is not wholly con tained within a term in tro duced b y � ). A rewrite

sequence s�

�

� !

R

t is b ase d on s (or simply b asic ) i� either s� = t (re
exiv e case)

or it starts with a rewrite step based on s , e.g.,

s� � !

R

( s� )[ r � ] = s [ r ] � �

�

� !

R

t

and the remainder is based on s [ r ]. A rewrite pro of s�

�

� !

�

 � t� is b asic if the left

side is based on s and the righ t side is based on t .

In tuitiv ely , this means that no rewrite step can tak e place at a term in tro duced b y

an y substitution.

The relationship b et w een reduced substitutions, reduced orien ted ground in-

stances, ground con v ergence, and basic rewrite sequences is no w explored.

12

This notion is w ell-de�ned, as it could more formally b e de�ned b y induction on a suitable

ordering of rules, using the fact that l can not b e a v ariable when E is non-trivial.
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4.7. Lemma. L et E b e a non-trivial e quational the ory such that Gr

�

( E ) is gr ound

c onver gent, and s� b e a gr ound term such that � is R

E

-r e duc e d. Then for any r ewrite

se quenc e s�

�

� ! t using rules fr om Gr

�

( E ) to r e duc e s� to its normal form t , ther e

exists a b asic r ewrite se quenc e s�

�

� ! t using rules only fr om R

E

.

Pr oof. Since Gr

�

( E ) is ground canonical, w e ma y c ho ose an y fair strategy for

reduction; in particular, w e ma y sp ecify that at eac h step, among all the p ossible

rules that could b e used for reduction, w e c ho ose one that is minimal in the lexi-

cographic extension of � to pairs of terms. But then for an y l � � ! r � used in the

sequence, � m ust b e reduced, or else the rule w ould not b e minimal. Th us, there

exists a rewrite sequence from s� to t using rules only from R

E

; clearly , since all

substitutions in v olv ed are reduced, this is also a basic sequence.

F or our purp oses w e ma y summarize these results as follo ws.

4.8. Cor ollar y. L et E b e an e quational the ory such that Gr

�

( E ) is gr ound c on-

ver gent. F or any gr ound terms s� and t� , wher e � is r e duc e d with r esp e ct to Gr

�

( E ) ,

the fol lowing ar e e quivalent:

1. s� and t� ar e E -e quivalent.

2. Ther e exists a b asic r ewrite pr o of for s� and t� using rules fr om Gr

�

( E ) .

W e no w pro v e our completeness result in the sp ecial case w e ha v e b een discussing.

4.9. Lemma. L et E b e a non-trivial e quational the ory such that Gr

�

( E ) is gr ound

c onver gent, and P b e a set of uni�c ation pr oblems. If � is a Gr

�

( E ) -r e duc e d solution

of P ; ; , then ther e exists a se quenc e

P ; ;

�

= ) ; ; S

(with S in solve d form) in the c alculus G such that �

S

�

�

X

� for X = V ar s ( P ) .

Pr oof. W e pro ceed b y induction, using the follo wing measure. The complexit y of

a system P ; S and its solution � is a four-tuple h m; n

1

; n

2

; n

3

i , where

m = The total n um b er of rewrite steps in all the minimal-length basic

rewrite pro ofs for equations in P � ;

n

1

= The n um b er of distinct v ariables o ccurring in equations u =

?

v 2 P

suc h that u� = v � and u� is in Gr

�

( E )-normal form;

n

2

= The n um b er of sym b ols o ccurring in equations u =

?

v 2 P suc h that

u� = v � and u� is in normal form;

n

3

= The n um b er of equations in P of the form t =

?

x , where t is not a

v ariable, and suc h that t� = x� and t� is in normal form.

The asso ciated (w ell-founded) ordering is the lexicographic ordering using the

natural ordering on p ositiv e in tegers.

W e sho w b y induction on this measure that if � is a solution of a system P ; S

0

,

with S

0

in solv ed form, there exists a transformation sequence

P ; S

0

�

= ) ; ; S
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where �

S

�

�

X

� for X = V ar s ( P ; S

0

).

The base case of the induction consists of a system ; ; S and the result is trivial,

since a fortiori �

S

�

�

� . F or the induction step, supp ose P = f u =

?

v g [ P

0

. If

u� = v � with u� in normal form; then w e pro ceed as b efore with the inference

system U to generate a transformation step to a smaller system con taining the

same set of v ariables, and with the same solution (cf. lemma 2.4). As with U , an y

equation in tro duced in to S m ust k eep this set in solv ed form. Completing this with

the induction h yp othesis, w e ha v e

P ; S

0

= )

U

P

00

; S

00

�

= ) ; ; S

suc h that �

S

�

�

X

� with X = V ar s ( P ; S

0

).

Otherwise, without loss of generalit y , pic k a rewrite step from the term u� in a

minimal-length basic rewrite pro of u� � !

�

� !

�

 � v � , in whic h a reduced ground

instance l � � ! r � w as used. If w e let �

0

= � � , then this �rst step w as in fact

u [ u

0

] �

0

= u [ l ] �

0

� ! u [ r ] �

0

, where u

0

can not b e a v ariable (since � is reduced). In

addition, the top sym b ols of u

0

and l are iden tical if l is not a v ariable. Hence, there

exists some transformation step

f u [ u

0

]

?

= v g [ P

0

; S

0

= )

lp

f l

?

= u

0

; u [ r ]

?

= v g [ P

0

; S

0

to a new system whic h has a smaller complexit y with resp ect to its new solution

�

0

. (It also con tains additional v ariables, i.e., those in V ar s ( l ; r )). By the induction

h yp othesis w e can con tin ue this with:

f l

?

= u

0

; u [ r ]

?

= v g [ P

0

; S

0

�

= ) ; ; S

suc h that �

S

�

�

X

�

0

with X = V ar s ( l ; r ; P ; S

0

). But, since x� = x�

0

for ev ery

x 2 V ar s ( P ; S

0

), w e are done.

The second stage of our main completeness pro of for G in v olv es constructing a

set of iden tities �tting the conditions of the previous lemma. W e do this b y a kind

of abstract completion of E :

4.10. Definition. Let C r ( E ) b e the set of critical pairs w.r.t. � of E , created

from fresh v arian ts of iden tities in E using the inference system U to calculate the

requisite mgu 's. Then, for eac h i � 0, de�ne

E

0

= E

.

.

.

E

i +1

= E

i

[ C r ( E

i

)

.

.

.

E

!

=

S

n � 0

E

n
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The en tire p oin t of this construction is con tained in the follo wing lemma, whic h

can b e pro v ed using tec hniques familiar from [Dersho witz and Plaisted 2001], Chap-

ter 9 of this Handb o ok (for a sp eci�c pro of, see Theorem 6.1.7 in [Sn yder 1991]).

4.11. Lemma. F or any E , Gr

�

( E

!

) is gr ound c onver gent and e quivalent to E on

gr ound terms.

Th us, w e can (conceptually , at least) use E

!

to construct transformation se-

quences as just sho wn in lemma 4.9. The second main lemma of our completeness

pro of for G sho ws ho w to con v ert suc h a transformation sequence in to one using

only iden tities from E .

4.12. Lemma. F or any se quenc e

P ; ;

�

= ) ; ; S

intr o ducing identities fr om E

!

, and such that �

S

is an E -uni�er for P , ther e exists

a se quenc e

P ; ;

�

= ) ; ; S

0

intr o ducing identities only fr om E , such that S � S

0

and x�

S

0

= x�

S

for every

x 2 V ar s ( P ) .

Pr oof. The basic idea is to use the calculus G itself to construct critical pairs. The

complexit y measure in our inductiv e pro of is as follo ws. The depth of an iden tit y

e 2 E

!

is the least k suc h that e 2 E

k

; the complexit y of a transformation sequence

is the (�nite) m ultiset of the depths of all iden tities from E

!

in tro duced, with the

asso ciated (w ell-founded) m ultiset ordering.

The base case b eing trivial, w e pro ceed directly to the induction step. Supp ose

the transformation sequence uses some iden tit y r

1

� � l

1

[ r

2

] � of non-zero depth,

obtained b y forming a critical pair from l

1

[ l

0

] � r

1

and l

2

� r

2

(eac h of smaller

depth) with � = mg u ( l

0

; l

2

). W e sho w ho w the original use of the critical pair in a

LP step can b e sim ulated b y t w o LP steps in v olving the comp onen t iden tities, plus

some n um b er of U -transformations to sim ulate the construction of the critical pair.

There are t w o cases, dep ending on whic h direction the critical pair w as used in.

Case One . Supp ose the critical pair w as r

1

� � l

1

[ r

2

] � , e.g.,

�

= ) f e [ u ] g [ P ; S

0

= )

lp

f r

1

� =

?

u; e [ l

1

[ r

2

] � ] g [ P ; S

0

�

= ) ; ; S

where an additional Decomp osition is p ossibly applied afterw ards to r

1

� =

?

u (if

r

1

� is not a v ariable). This sequence can b e con v erted in to:

�

= ) f e [ u ] g [ P ; S

0

= )

lp

f r

1

=

?

u; e [ l

1

[ l

0

1

]] g [ P ; S

0

= )

lp

f l

2

=

?

l

0

1

; r

1

=

?

u; e [ l

1

[ r

2

]] g [ P ; S

0

�

= ) f r

1

� =

?

u; e [ l

1

[ r

2

] � ] g [ P ; S [ [ � ]

�

= ) ; ; S [ [ �

0

]
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(where b y [ � ] w e mean a set of equations represen ting the bindings in � ). This

sequence has a smaller complexit y , as it replaced a critical pair b y t w o iden tities of

strictly smaller depth. The second line from the b ottom represen ts the calculation

of the mgu ; these bindings apply only to terms from the t w o equations, although as

they are carried along in the solution set they ma y c hange as the result of additional

substitutions (hence the c hange to �

0

). The (p ossible) Decomp osition step after the

�rst LP step in the original is dela y ed un til after the computation of � .

Case Tw o . Supp ose the critical pair w as l

1

[ r

2

] � � r

1

� ; in this case, w e ma y

assume that the o v erlap in this critical pair is not at the ro ot, since otherwise w e

could apply case one. Our original sequence is th us:

�

= ) f e [ u ] g [ P ; S

0

= )

lp

f l

1

[ r

2

] � =

?

u; e [ r

1

� ] g [ P ; S

0

�

= ) ; ; S

where Decomp osition is applied to l

1

[ r

1

] � � u at some p oin t after the LP step

(since l

1

has at least one function sym b ol ab o v e the o v erlap p osition). This sequence

b ecomes:

�

= ) f e [ u ] g [ P ; S

0

= )

lp

f l

1

[ l

0

1

] =

?

u; e [ r

1

] g [ P ; S

0

= )

lp

f l

2

=

?

l

0

1

; l

1

[ r

2

] =

?

u; e [ r

1

] g [ P ; S

0

�

= ) f l

1

[ r

2

] � =

?

u; e [ r

1

� ] g [ P ; S [ [ � ]

�

= ) ; ; S [ [ �

0

]

The Decomp osition step is dela y ed un til after the computation of � . This sequence

is, again, of smaller complexit y than the original.

Note in b oth cases that the v ariables in D om ( � ) are (e�ectiv ely) fresh, as they

o ccur in the comp onen t iden tities but not in the critical pair; th us, x�

S

0

= x�

S

for

all x 2 V ar s ( P ) as required.

W e ma y no w presen t the pro of of our main completeness result.

Pro of of theorem 4.2 . First, note that w e ma y assume that P � con tains only

ground equations, using a straigh t-forw ard Sk olemization argumen t (viz. [Sn yder

1991], p.90). If � is an E -uni�er of P , w e ma y construct an Gr

�

( E )-reduced sub-

stitution �

0

suc h that � =

E

�

0

. W e then apply lemma 4.9, using rules from E

!

, to

obtain a sequence

P ; ;

�

= ) ; ; S

where �

S

�

�

X

�

0

for X = V ar s ( P ). This is then con v erted, using the tec hnique of

lemma 4.12 to a new sequence using rules only from E :

P ; ;

�

= ) ; ; S

0

where x�

S

= x�

S

0

for ev ery x 2 V ar s ( P ). Th us, w e ma y conclude that �

S

�

�

X

E

� ,

where X = V ar s ( P ), as required.
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4.2. R estrictions on E -uni�c ation in arbitr ary the ories

In this section w e describ e t w o re�nemen ts of the calculus G that ha v e b een sug-

gested:

� The restriction on a equation l =

?

u in tro duced b y LP , when l is not a v ariable,

that the top sym b ol of l and u m ust b e the same, can b e strengthened so

that the en tire o v erlap of the non-v ariable p ositions in the t w o terms m ust b e

iden tical.

� The restriction in LP that u not b e a v ariable ma y b e strengthened so that

u can not ev en b e a term in tro duced in to P b y substitution (i.e., V ariable

Elimination) at an y p oin t in the sequence.

Both of these restrictions in some sense extend the original restrictions on G her e d-

itarily , in the �rst case inheriting the restriction on top sym b ols do wn in to the

terms, and in the second, inheriting the non-v ariable restriction throughout the

history of the equation, and regarding terms in tro duced b y v ariable elimination

as b eing second-class citizens whic h do not pla y a direct role in equational infer-

ences, but only serv e to constrain the application of rules. This is called the b asic

restriction, as it rests on the existence of basic rewrite pro ofs as sho wn ab o v e.

F or lac k of space, w e do not consider these re�nemen ts to G in detail here, al-

though the second will form an essen tial part of the calculus in the next section.

F or the �rst, see [Doughert y and Johann 1992], and also [So c her-Am brosius 1994]

(where a further re�nemen t is presen ted); for the second see [Moser 1993].

4.3. Narr owing

In this section w e consider the most imp ortan t sp ecial case of the E -uni�cation

problem, when the equational theory can b e represen ted b y a ground con v ergen t

set of rewrite rules. In this case, the con v ersion of transformation sequences to

sim ulate critical pair generation is not necessary , and w e can tak e a closer lo ok at

the completeness pro of and the restrictions that can b e imp osed on the calculus.

In particular, w e shall from the start consider the existence of basic rewrite pro ofs

as fundamen tal, and dev elop a new represen tation for problems whic h prev en ts LP

inferences at terms in tro duced b y substitutions.

A c onstr aint system (or simply system in the rest of the section) is either the

sym b ol ? (represen ting failure) or a triple consisting of a m ultiset P of equations

(represen ting the sc hema of the problem, in a sense that will b ecome clear b elo w),

a set C of equations (represen ting constrain ts on v ariables in P ), and a set S of

equations (represen ting bindings in the solution). The set C pla ys a role similar

to the m ultiset P in section 2.2.4, and rules from U will b e applied to C ; S as

b efore. The equational problems b eing w ork ed on are in fact P �

S

, the separation

in to the sc hema P and constrain ts C ; S serving to enforce the b asic restriction on

the application of LP men tioned ab o v e. As exp ected, a substitution � is said to b e

a solution (or E -uni�er) of a system P ; C ; S if it E -uni�es eac h equation in P , and

uni�es eac h of the equations in C and S ; the system ? has no E -uni�ers.
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W e assume that our rewrite system R (represen ting E ) is ground con v ergen t with

resp ect to a reduction ordering � , and consists of a n um b ered sequence of rules

f l

1

� ! r

1

; l

2

� ! r

2

; : : : ; l

n

� ! r

n

g :

The index of a rule will b e its n um b er in this sequence, and will b e used in a certain

re�nemen t of our inference system.

4.3.1. The c alculus B

In this section w e presen t the rules whic h are used in the calculus B for b asic

narr owing . W e will �rst consider a simple set of rules and pro v e its completeness,

and then consider re�nemen ts and mo di�cations based on the details of the pro of.

The set B consists of the follo wing six rules.

T rivial :

P ; f s

?

= s g [ C

0

; S = ) P ; C

0

; S

Decomp osition :

P ; f f ( s

1

; : : : ; s

n

)

?

= f ( t

1

; : : : ; t

n

) g [ C

0

; S = ) P ; f s

1

?

= t

1

; : : : ; s

n

?

= t

n

g [ C

0

; S

Orien t :

P ; f t

?

= x g [ C

0

; S = ) P ; f x

?

= t g [ C

0

; S

if t is not a v ariable.

Basic V ariable Elimination :

P ; f x

?

= t g [ C

0

; S = ) P ; C

0

f x 7! t g ; S f x 7! t g [ f x � t g

if x do es not o ccur in t . (Note that the substitution is not applied to the set P .)

(Mo dulo the c hanges to V ariable Elimination, these are just the non-failure rules

from U , adapted for constrain t systems; w e shall denote these �rst four rules as S .)

Constrain :

f e g [ P

0

; C ; S = )

con

P

0

; f e�

S

g [ C ; S

Lazy P aramo dulation :

f e [ u ] g [ P ; C ; S = )

lp

f e [ r ] g [ P ; f l �

S

?

= u�

S

g [ C ; S

(with the exact same restrictions as giv en ab o v e in section 4.1.1).
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Essen tially , this calculus is no di�eren t from G , except that it is designed to

enforce the basic restriction, b y separating out the parts of terms that w ere in tro-

duced in to the problem b y substitution (i.e., V ariable Elimination) and those that

w ere not (the \sc hema"). The latter constitute the only p ositions where equational

inferences ma y tak e place in the basic strategy . The completeness pro of is hence

v ery similar to lemma 4.9. W e will add more restrictions to the w a y that certain

c hoices are made, ho w ev er, whic h will giv e us the abilit y to restrict our calculus

corresp ondingly .

4.13. Theorem. L et R b e a gr ound c onver gent set of r ewrite rules. If � is an R -

solution of P ; ; ; ; , then ther e exists a se quenc e

P ; ; ; ;

�

= )

B

; ; ; ; S

such that �

S

�

�

X

R

� , wher e X = V ar s ( P ) .

Pr oof. As in our completeness pro of for G , w e ma y assume that P � is ground and

that � is R -reduced, since the relation �

�

R

do es not distinguish b et w een R -equiv alen t

substitutions. Th us, w e will pro v e a stronger result, that when � is R -reduced, then

in fact �

S

�

�

X

� .

The complexit y of a system P ; C ; S and asso ciated solution � is h M ; n

1

; n

2

; n

3

i ,

where

M = The m ultiset of all terms o ccurring in P � ;

n

1

= The n um b er of distinct v ariables in C ;

n

2

= The n um b er of sym b ols in C ;

n

3

= The n um b er of equations in C of the form t =

?

x , where t is not a

v ariable.

The asso ciated ordering is the lexicographic ordering using the m ultiset extension

of the reduction ordering � for the �rst comp onen t, and the ordering on natural

n um b ers for the remaining comp onen ts.

Our induction sho ws that if � is a solution of a system P ; C ; S

0

, with S

0

in solv ed

form, there exists a transformation sequence

P ; C ; S

0

�

= ) ; ; ; ; S

where �

S

�

�

X

� , where X = V ar s ( P ; C ; S

0

).

The base case ; ; ; ; S is again trivial. F or the induction step, there are sev eral

o v erlapping cases.

(1) If C = f u =

?

v g [ C

0

, then u� = v � and w e use S to generate a transformation

step to a smaller system con taining the same set of v ariables, and with the same

solution (cf. lemma 2.4). Completing this with the induction h yp othesis, w e ha v e

P ; C ; S

0

= )

S

P

00

; C

0

; S

00

�

= ) ; ; ; ; S

suc h that �

S

�

�

X

� for X = V ar s ( P ; C ; S

0

).
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(2) If P = f u =

?

v g [ P

0

and u� = v � , then w e ma y apply Constrain to obtain a

smaller system (reducing the comp onen t M ) with the same solution and the same

set of v ariables, and w e conclude as in the previous case.

(3) Supp ose P = f u =

?

v g [ P

0

and there is some redex in either u� or v � ;

without loss of generally , assume the former. W e ma y also assume that the redex is

innermost, and that if more than one instance of a rule from R reduces this redex,

w e c ho ose the rule l � � ! r � with the smallest index in the set R . Note that, since

� is R -reduced, the redex m ust o ccur inside the non-v ariable p ositions of u ; th us

w e ha v e the follo wing transformation:

f u [ u

0

]

?

= v g [ P

0

; C ; S

0

= )

lp

f u [ r ]

?

= v g [ P

0

; f l �

S

0

?

= u

0

�

S

0

g [ C ; S

0

to a system whic h is smaller with resp ect to its new solution �

0

= � � (since the new

equation in tro duced in to C is an iden tit y mo dulo �

0

). Note that �

0

is still R -reduced.

By the induction h yp othesis w e ha v e

f u [ r ]

?

= v g [ P

0

; f l �

S

0

?

= u

0

�

S

0

g [ C ; S

0

�

= ) ; ; ; ; S

suc h that �

S

�

�

X

�

0

with X = V ar s ( l ; r ; P ; C ; S

0

), and since x� = x�

0

for ev ery

x 2 V ar s ( P ; C ; S

0

), the induction is complete.

4.3.2. Standar d narr owing

An in teresting feature of this pro of is that it also pro vides for the completeness

of an alternate (and historically earlier) v ersion of narro wing due to F a y [1979],

whic h do es not distinguish b et w een substitution p ositions and other p ositions in

the problem.

Let us de�ne the calculus N for standar d narr owing as the inference system B

with the follo wing c hange: Basic V ariable Elimination is replaced b y the follo wing

transformation:

V ariable Elimination :

P ; f x

?

= t g [ C

0

; S = ) P f x 7! t g ; C

0

f x 7! t g ; S f x 7! t g [ f x � t g

if x do es not o ccur in t .

(The Constrain rule migh t also b e c hanged so that is do es not instan tiate an

equation when mo ving it from P to C , ho w ev er, since �

S

is alw a ys idemp oten t, the

existing rule w ould ha v e the same e�ect.)

The only di�erence is that the set P is k ept instan tiated with the substitution

de�ned b y S during the transformation pro cess, so that substitution p ositions can

b e used for narro wing.

4.14. Cor ollar y. L et R b e a gr ound c onver gent set of r ewrite rules. If � is an

R -solution of P ; ; ; ; , then ther e exists a se quenc e

P ; ; ; ;

�

= )

N

; ; ; ; S

in the c alculus N such that �

S

�

�

X

R

� with X = V ar s ( P ) .
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The pro of is essen tially the same as the previous one, since the same transforma-

tion sequence can b e used in eac h case.

The di�erence b et w een the t w o inference systems is that B restricts the appli-

cation of inference rules to a smaller set of p ositions than N do es, and hence the

searc h tree for solutions is narro w er.

4.4. Str ate gies and r e�nements of b asic narr owing

There is a v ariet y of strategies and re�nemen ts that can b e dev elop ed for the basic

narro wing calculus without destro ying completeness. Most of these, in one w a y or

another, can b e deriv ed from a close examination of the completeness pro of just

giv en. In this section w e brie
y describ e the most imp ortan t of these.

4.4.1. Comp osite rules for b asic narr owing

The �rst observ ation that can b e made is that it is not necessary to consider all p os-

sible sequences of transformation rules, since w e either solv e (standard) uni�cation

problems (e.g., equations b et w een t w o iden tical terms in P � ) or sim ulate rewriting

at the ground lev el b y unifying left-hand sides of rules with non-v ariable p ositions

in terms, at the non-ground lev el. Th us, w e ma y use the follo wing t w o comp osite

rules as an alternate form of B :

Solv e (= )

sol

):

f e g [ P

0

; C ; S = )

con

P

0

; f e�

S

g [ C ; S

�

= )

S

P

0

; C � ; S � [ [ � ]

(i.e., � = mg u ( e�

S

)).

Narro w (= )

na r

):

f e [ u ] g [ P ; C ; S = )

lp

f e [ r ] g [ P ; f l �

S

?

= u�

S

g [ C ; S

�

= )

S

f e [ r ] g [ P ; C � ; S � [ [ � ]

(that is, � = mg u ( l �

S

; u�

S

)), where l � ! r is a fresh v arian t from R .

The completeness pro of go es through with few c hanges. Note that in this form u-

lation, no new equations remain in C after eac h step. A similar set of comp osite

rules could b e giv en for N .

4.4.2. Simpli�c ation

The inference rules in S (lik e U ) are signi�can t in that they can b e applied when-

ev er w e w an t during a transformation sequence without a�ecting the outcome; in

our inductiv e pro of, w e ma y observ e that they mak e the problem smaller without

c hanging the solution. Suc h rules are extremely imp ortan t in reducing the searc h

space for a solution.
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4.15. Definition. A transformation � is called a simpli�c ation rule for B if

whenev er P ; C ; S � P

0

; C

0

; S

0

, then � is an R -reduced solution of P

0

; C

0

; S

0

i�

� j

V ar s ( P ;C;S )

is an R -reduced solution to P ; C ; S , and P

0

; C

0

; S

0

is smaller in the

induction ordering used in Theorem 4.13 with resp ect to � than P ; C ; S w.r.t.

� j

V ar s ( P ;C;S )

.

The restrictions in this de�nition ensure that suc h a rule can b e used an y time

it applies in the induction step to obtain a smaller system without c hanging the

solution (w.r.t. the v ariables in the left side).

Th us, the rules in S are simpli�cation rules in this resp ect. There are man y other

ad-ho c simpli�cation rules that ha v e b een suggested for narro wing. F or example,

w e ma y p erform a form of Decomp osition within P when w e kno w that this do es

not remo v e a redex.

Problem Decomp osition :

f f ( s

1

; : : : ; s

n

?

= f ( t

1

; : : : ; t

n

) g [ P

0

; C

0

; S = ) f s

1

?

= t

1

; : : : ; s

n

?

= t

n

g [ P

0

; C ; S

if the sym b ol f do es not o ccur at the top of the left-side of a rule in R .

In the induction in the completeness pro of this rule decreases the measure (sp ecif-

ically , it reduces the comp onen t M ). Clearly it do es not c hange the set of solutions.

Therefore, w e ma y apply this rule an y time, in an y con text, without a�ecting the

completeness prop erties of the calculus.

Suc h rules can b e applied \eagerly" to pro duce smaller problems, hop efully re-

ducing the searc h space.

4.16. Definition. If T is a subset of rules for some calculus C , then the e ager T

str ate gy requires that a rule from C n T ma y only b e applied if no rule from T applies

an ywhere in the system.

Simpli�cation rules can b e p erformed eagerly .

4.17. Theorem. L et R b e a gr ound c onver gent set of r ewrite rules, and A b e a set

of simpli�c ation rules. If � is an R -solution of P ; ; ; ; , then ther e exists a se quenc e

P ; ; ; ;

�

= )

B [A

; ; ; ; S

under the e ager A str ate gy such that �

S

�

�

X

R

� , wher e X = V ar s ( P ) .

The pro of pro ceeds as b efore, with the exception that in the induction step, w e

m ust use a simpli�cation step if one applies; as noted ab o v e, the conditions of a

simpli�cation rule ensure that the induction in the completeness pro of go es through.

One of the most useful simpli�cation rules is reducing the problem set b y the set of

rules R . F rom an abstract p oin t of view, w e ma y motiv ate suc h equational inferences

as follo ws. If u�

�

 !

E

v � and u

0

�

 !

E

u , then, since equational pro ofs are closed

under instan tiation, w e ha v e u

0

�

�

 !

E

u�

�

 !

E

v � . Th us, w e can not c hange the set
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of solutions b y p erforming equational inferences on the problem terms themselv es,

for example, b y reducing them.

F rom the p oin t of view of our calculus, w e migh t observ e that in the rule Narro w

just in tro duced, if no application of V ariable Elimination is ev er applied to a v ariable

from the system on the left side, then the set of solutions is unc hanged b y this

transformation: the substitution generated m ust in this case apply only to l and

r , and hence w e ha v e, at the ground lev el, replaced e [ u ] � � = e [ l ] � � = e [ l � ] � with

e [ r � ] � . Since the prop erties of � w ere not in v olv ed, this means that e�ectiv ely w e

ha v e done a rewrite step u [ l � ] � !

R

u [ r � ]. Alternately , w e migh t sa y that if y ou end

up doing V ariable Elimination on x =

?

t for x 2 D om ( � ) for some solution � , then

y ou are assuming that x� = t� ; this cuts do wn on the n um b er of p ossible solutions.

The resultan t rule is:

Reduce (= )

red

):

f e [ u ] g [ P ; C ; S = )

lp

f e [ r ] g [ P ; f l

?

= u�

S

g [ C ; S

�

= ) f e [ r � ] g [ P ; C ; S [ [ � ]

where l � ! r is a fresh v arian t from R (note that the v ariables in D om ( � ) o ccur

only in r ), and where the last line in v olv es only T rivial, Decomp osition, and V ariable

Elimination applied to the v ariables from l (i.e., l � = u ).

Note that in the con text of B , w e are losing some \basicness" b y instan tiating

fully the righ t-hand side r ; b elo w w e shall consider ho w to reco v er some of the basic

restriction lost in this fashion.

4.18. Pr oposition. The Eager R e duc e Str ate gy is c omplete for B and N .

Historically , the narro wing calculus w as the �rst to b e in v en ted, b y F a y [1979];

the basic narro wing calculus w as dev elop ed b y Hullot [1980], and it w as observ ed

b y R � et y [1987] that reduction needed to b e mo di�ed in this setting. A study of

basic narro wing with reduction, to whic h our treatmen t is hea vily indebted, ma y b e

found in [Nutt, R � et y and Smolk a 1989]. In the next t w o sections w e presen t further

re�nemen ts whic h ma y also b e found in [Bo c kma yr, Krisc her and W erner 1992] and

[Nutt et al. 1989]. F or a comprehensiv e study of basic inference systems, the reader

is referred to [Bac hmair, Ganzinger, Lync h and Sn yder 1995] and to [Nieu w enh uis

and Rubio 2001] (Chapter 7 of this Handb o ok).

4.4.3. R e dex or derings and variable abstr action

One of the useful prop erties of con v ergen t systems men tioned ab o v e is that an y

strategy whic h can �nd a redex in a reducible term is su�cien t for reducing terms

to normal form, and hence for generating rewrite pro ofs. F or example, at the ground

lev el w e migh t alw a ys lo ok for redices in depth-�rst, left-to-righ t order. More gen-

erally , w e ma y de�ne a r e dex or dering �

r ed

as an ordering on the p ositions in an

equation whic h con tains the prop er subterm ordering (i.e., for an y u [ u

0

] with u 6= u

0

,
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w e ha v e u

0

�

r ed

u ). Before considering whether a term t is reducible at a p osition

� b y some rule, w e m ust consider all p ositions �

0

�

r ed

� . The completeness pro of

could b e sharp ened b y suc h an ordering simply b y adding that w e m ust c ho ose the

minimal redex according to the redex ordering (suc h a redex m ust b e innermost).

In suc h a case, the p ositions less than this redex ma y b e assumed to b e irreducible.

No further narro wing steps need b e p erformed at suc h p ositions, and in fact, w e

could remo v e these parts of the term and mo v e them in to the solv ed part of the

system to enforce this.

V ariable Abstraction (= )

abst

):

f e [ s ] g [ P ; C ; S = ) f e [ x ] g [ P ; f x

?

= s g [ C ; S

if x is a fresh v ariable.

A new v ersion of the narro wing rule could then b e presen ted whic h abstracts out

terms whic h are kno wn to b e reduced.

Redex Ordered Narro w (= )

ron

):

f e [ u ] g [ P ; C ; S = )

lp

f e [ r ] g [ P ; f l �

S

?

= u�

S

g [ C ; S

�

= )

S

f e [ r ] g [ P ; C � ; S � [ [ � ]

�

= )

abst

f e

0

[ r ] g [ P ; C � [ C

0

; S � [ [ � ]

where u o ccurs at p osition � in e , and V ariable Abstraction is applied eagerly to

all p ositions �

0

�

r ed

� in e to obtain e

0

.

The substitution of this v ersion of Narro w in N preserv es completeness; the

fundamen tal idea is that whenev er a term (at the ground lev el in our completeness

pro of ) ma y b e assumed to b e reduced, it ma y b e mo v ed in to the constrain t part

of the system without losing completeness. This leads to a further use for V ariable

Abstraction in propagating what is kno wn ab out reduced terms: if a term o ccurs

in S , then (at the ground lev el) it ma y b e assumed to b e reduced, and hence other

o ccurrences of this term ma y b e abstracted out.

Propagation :

f e [ u ] g [ P

0

; C ; f x � t [ s ] g [ S = )

p rop

f e [ y ] g [ P

0

; C ; f x � t [ s ] ; y � s g [ S

if u�

S

= s is a non-v ariable and y is a fresh v ariable.

This rule is a simpli�cation rule if w e c hange the complexit y measure in the pro of

to

h M ; i; n

1

; n

2

; n

3

i

where the additional comp onen t i is the n um b er of non-v ariable sym b ols o ccurring

in P . Clearly it c hanges the solution � of a system to a new solution � f y 7! s� g

whic h satis�es the condition for a simpli�cation rule.

Returning to our Reduce rule, w e observ e that in the con text of B , Reduce ma y

instan tiate terms in to r that are kno wn to b e reduced; Propagation can remo v e these

again. The com bination of Reduction with Eager Propagation e�ectiv ely giv es us

the more complex form of \basic simpli�cation" describ ed for example in [Bac hmair

et al. 1995] and [Nutt et al. 1989], see also [Nieu w enh uis and Rubio 2001] (Chapter 7

of this Handb o ok).
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4.4.4. F ailur e rules

Unlik e our presen tation of the calculus U , w e ha v e c hosen here not to presen t failure

rules from the outset, in order to highligh t the essen tial issues �rst. The conditions

under whic h sequences ma y fail are of t w o kinds. First, the failure rules for U

(Sym b ol Clash and Occur Chec k) ma y b e applied to the sets C and S as b efore,

since these represen t uni�cation problems; ho w ev er, in this case the corresp onding

Solv e, Narro w, or Reduce w ould simply not b e p erformed.

The second class of conditions basically amoun t to c hec king for violations of the

reducibilit y conditions in a system. A t the ground lev el during the completeness

pro of, the substitution � is k ept reduced, and in addition, certain assumptions can

b e made ab out the existence of redices in terms. Ho w ev er, w e ha v e to b e careful, as

our pro of only allo ws us to assume that all substitutions are R -reduced, and that

no redex ma y b e reduced b elo w its ro ot, or at the ro ot b y an equation of lo w er

index.

This leads to the follo wing rule:

Blo c king (= )

blo ck

):

P ; C ; S = ) ?

if some term in S is R -reducible, or if some term in C is reducible b elo w the ro ot.

The Eager Blo c king Strategy is complete, since the completeness pro of requires

the con v erse of the condition of this rule at all times. Note that this rule could

b e applied in the middle of a comp osite rule, for example, just after mo ving the

equation in to the set C in Narro w.

In order to accoun t for reduction at the top of equations in C , it is preferable to

add a further restriction to our Narro wing rule:

Narro w (= )

na r

):

f e [ u ] g [ P ; C ; S = )

lp

f e [ r ] g [ P ; f l �

S

?

= u�

S

g [ C ; S

�

= )

S

f e [ r ] g [ P ; C � ; S � [ [ � ]

where l � ! r is a fresh v arian t from R and l �

S

� is not the instance of the left-side

of an y rule of lo w er index from R .

This rule is consisten t with Redex Orderings.

5. Seman tic approac hes to E -uni�cation

The syn tactic approac hes to E -uni�cation in tro duced ab o v e can b e seen as exten-

sions of the rule-based approac h to syn tactic uni�cation, whic h use the iden tities

de�ning the equational theory E to come up with additional transformation rules.

In con trast, seman tic approac hes to E -uni�cation try to utilize algebraic prop erties

of the mo dels of the equational theories. The t w o most prominen t instances of the

approac h are
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1. Uni�cation in Bo olean algebras and rings [B • uttner and Simonis 1987, Martin

and Nipk o w 1989 b , Martin and Nipk o w 1989 a ], and its generalization to �nite

and to primal algebras [B • uttner 1988, B • uttner, Estenfeld, Sc hmid, Sc hneider

and Tid � en 1990, Nipk o w 1990, Kirc hner and Ringeissen 1994], and

2. Uni�cation mo dulo the theories A CU , A CUI , and A G (see subsection 3.4 for

references to result on uni�cation mo dulo these theories).

In the follo wing, w e concen trate on the approac h used in the second case since it can

b e generalized to a whole class of equational theories, called comm utativ e theories

in [Baader 1989 b ] and monoidal theories in [Nutt 1990]. F or suc h theories, uni�ca-

tion can b e reduced to solving linear equations in a corresp onding semiring.

13

In the

follo wing, w e in tro duce the class of comm utativ e/monoidal theories, sho w ho w the

corresp onding semiring is de�ned, and ho w uni�cation in comm utativ e/monoidal

theories can b e reduced to solving linear equations in this semiring. In con trast to

the syn tactic approac hes in tro duced ab o v e, general uni�cation problems cannot b e

solv ed directly b y the seman tic approac h describ ed b elo w. Ho w ev er, for comm uta-

tiv e/monoidal theories, the kno wn tec hniques for com bining uni�cation algorithms

can alw a ys b e used to extend an algorithm for uni�cation with constan ts to an

algorithm for general uni�cation [Baader and Nutt 1996].

The theories

A CU := f f ( x; y ) � f ( y ; x ) ; f ( f ( x; y ) ; z ) � f ( x; f ( y ; z )) ; f ( x; e ) � x g ;

A CUI := A CU [ f f ( x; x ) � x g ;

A G := A CU [ f f ( x; i ( x )) � e g

will b e used as examples throughout this section. The in tro duction of the class of

comm utativ e/monoidal theories w as motiv ated b y the observ ation that the kno wn

algorithms for uni�cation mo dulo these three theories ha v e man y common features.

5.1. Uni�c ation mo dulo A CU, A CUI, and A G: an example

W e will �rst restrict our atten tion to elemen tary uni�cation, and then sho w ho w

the metho ds can b e extended to uni�cation with constan ts.

Elementary uni�c ation

T o illustrate ho w the algorithms for elemen tary uni�cation mo dulo these three

theories w ork, let us consider the problem of unifying the t w o terms f ( x; f ( x; y ))

and f ( z ; f ( z ; z )).

Let us start with the theory A CU . Ob viously , the substitution �

1

:= f x 7!

z

1

; y 7! z

1

; z 7! z

1

g is a syn tactic uni�er of this pair of terms, and th us also

an A CU -uni�er of �

A CU

:= f f ( x; f ( x; y )) =

?

A CU

f ( z ; f ( z ; z )) g . There are, ho w ev er,

A CU -uni�ers of �

A CU

that are not syn tactic uni�ers of the t w o terms: �

2

:= f x 7!

13

A semiring is similar to a ring, with the only di�erence b eing that its addition is just required

to form an Ab elian monoid, and not necessarily an Ab elian group.
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e; y 7! f ( z

2

; f ( z

2

; z

2

)) ; z 7! z

2

g is an example of suc h a uni�er, and �

3

:= f x 7!

f ( z

3

; f ( z

3

; z

3

)) ; y 7! e; z 7! f ( z

3

; z

3

) g is another one. None of these substitutions

is a most general A CU -uni�er of �

A CU

, but their \com bination"

� := f x 7! f ( x�

1

; f ( x�

2

; x�

3

)) ; y 7! f ( y �

1

; f ( y �

2

; y �

3

)) ;

z 7! f ( z �

1

; f ( z �

2

; z �

3

)) g

=

A CU

f x 7! f ( z

1

; f ( z

3

; f ( z

3

; z

3

))) ; y 7! f ( z

1

; f ( z

2

; f ( z

2

; z

2

))) ;

z 7! f ( z

1

; f ( z

2

; f ( z

3

; z

3

))) g

is. F or example, �

2

can b e obtained as an A CU -instance of � b y applying the

substitution f z

1

7! e; z

3

7! e g . More generally , an y �nite collection �

1

; : : : ; �

n

of

A CU -uni�ers of a giv en A CU -uni�cation problem can b e com bined in this w a y to a

new A CU -uni�er � , whic h has all the uni�ers �

i

as A CU -instances. In our example,

there still remains the question of ho w w e ha v e found the three uni�ers �

1

; �

2

; �

3

,

and wh y their com bination is a most general A CU -uni�er of the problem.

In order to explain ho w w e came up with these uni�ers, assume that � is an A CU -

uni�er of �

A CU

, and that z

0

is a v ariable in tro duced b y � , i.e., z

0

o ccurs in (at least)

one of the terms x� ; y � ; z � . It is easy to see that f ( x; f ( x; y )) � =

A CU

f ( z ; f ( z ; z )) �

implies that the n um b er of o ccurrences of z

0

in f ( x; f ( x; y )) � coincides with the

n um b er of o ccurrences of z

0

in f ( z ; f ( z ; z )) � . Th us, if j x� j

z

0

; j y � j

z

0

; j z � j

z

0

resp ectiv ely

denote the n um b er of o ccurrences of z

0

in x� ; y � ; z � , then w e ha v e 2 j x� j

z

0

+ j y � j

z

0

=

3 j z � j

z

0

, i.e., the n um b ers j x� j

z

0

; j y � j

z

0

; j z � j

z

0

are nonnegativ e in teger solutions of the

linear equation

2 x + y = 3 z :

Th us, ev ery v ariable in tro duced b y an A CU -uni�er of a giv en A CU -uni�cation prob-

lem yields a non-trivial

14

solution of the linear equation corresp onding to the prob-

lem in the semiring of all nonnegativ e in tegers (with addition and m ultiplication as

semiring op erations). F or the uni�er � in tro duced ab o v e, the v ariable z

1

yields the

solution (1 ; 1 ; 1), z

2

yields (0 ; 3 ; 1), and z

3

yields (3 ; 0 ; 2). What mak es these three

solutions sp ecial is that they are the minimal non-trivial solutions of 2 x + y = 3 z

(w.r.t. the comp onen t-wise � -ordering on triples). Consequen tly , an y solution can

b e obtained as a (nonnegativ e) linear com bination of these three solutions.

Con v ersely , a substitution that in tro duces only v ariables (or free constan ts)

corresp onding to solutions of the linear equation is an A CU -uni�er of the cor-

resp onding A CU -uni�cation problem. F or example, the substitution � := f x 7!

f ( z

0

f ( z

00

; f ( z

00

; z

00

))) ; y 7! f ( z

0

; f ( z

0

; f ( z

0

; z

0

))) ; z 7! f ( z

0

; f ( z

0

f ( z

00

; z

00

))) g is an

A CU -uni�er of �

A CU

since 2 � 1 + 4 = 3 � 2 and 2 � 3 + 0 = 3 � 2. The solutions

(1 ; 4 ; 2) and (3 ; 0 ; 2) can b e obtained as linear com bination of the minimal solu-

tions:

(1 ; 4 ; 2) = 1 � (1 ; 1 ; 1) + 1 � (0 ; 3 ; 1) + 0 � (3 ; 0 ; 2) ;

(3 ; 0 ; 2) = 0 � (1 ; 1 ; 1) + 0 � (0 ; 3 ; 1) + 1 � (3 ; 0 ; 2) :

14

V ariables not in tro duced b y the uni�er corresp ond to the trivial solution (0 ; : : : ; 0).
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This fact can b e used to obtain a substitution � suc h that u� =

A CU

u� � for all

u 2 f x; y ; z g : � := f z

1

7! z

0

; z

2

7! z

0

; z

3

7! z

00

g .

T o sum up, w e ha v e seen that a giv en elemen tary A CU -uni�cation problem cor-

resp onds to a system

15

of linear equations, whic h m ust b e solv ed in the semir-

ing N of all nonnegativ e in tegers. A most general A CU -uni�er of the problem

is obtained b y com bining the uni�ers corresp onding to the (�nitely man y) min-

imal solutions of the system of linear equations. The imp ortan t prop ert y of the

set of minimal solutions is that it generates all solutions as linear com binations

in N . The fact that this set is alw a ys �nite is an easy consequence of Dic kson's

Lemma [Dic kson 1913]. Metho ds for computing this set can, for example, b e found

in [Huet and Lang 1978, Lam b ert 1987, Clausen and F orten bac her 1989, Boudet

et al. 1990, P ottier 1991, Domenjoud 1991, Con tejean and Devie 1994, Filgueira

and T om� as 1995].

The theory A CUI can b e treated similarly , with the only di�erence b eing that

the semiring N m ust b e replaced b y the Bo olean semiring B S , whic h consists

of the truth v alues 0 and 1, and has conjunction as its m ultiplication and dis-

junction as its addition op eration. In fact, mo dulo A CUI it is no longer nec-

essary that the numb ers of o ccurrences of v ariables on the left-hand side and

the righ t-hand side of the equation coincide. It is su�cien t that eac h v ariable

that o ccurs on the righ t-hand side also o ccurs on the left-hand side and vice

v ersa. Th us, the linear equation corresp onding to the A CUI -uni�cation problem

�

A CUI

:= f f ( x; f ( x; y )) =

?

A CUI

f ( z ; f ( z ; z )) g is x + y = z , and it is easy to see that

all solutions in B S can b e generated as linear com binations in B S of the solutions

(1 ; 0 ; 1) and (0 ; 1 ; 1). The most general A CUI -uni�er obtained from this generating

set of solutions is �

0

:= f x 7! z

1

; y 7! z

2

; z 7! f ( z

1

; z

2

) g . The A CU -uni�er �

1

from

ab o v e is also an A CUI -uni�er of �

A CUI

, and it can b e obtained as an A CUI -instance

of �

0

via the substitution �

0

:= f z

1

7! z

1

; z

2

7! z

1

g . Since the Bo olean semiring B S

is �nite, there alw a ys exists a �nite set of solutions that generates all solutions as

linear com binations in B S .

F or the theory A G , the presence of the in v erse op eration leads to the fact

that b oth the co e�cien ts and the solutions of the linear equations corre-

sp onding to an A G -uni�cation problem ma y also b e negativ e in tegers. Th us,

the semiring to b e considered here is an fact a ring, namely the ring Z of

all in tegers. The linear equation corresp onding to the A G -uni�cation problem

�

A G

:= f f ( x; f ( x; y )) =

?

A G

f ( z ; f ( z ; z )) g coincides with the one obtained from

�

A CU

, but in Z there exists a smaller set generating all solutions, consist-

ing of (0 ; 3 ; 1) and (1 ; � 2 ; 0). Th us, the substitution �

00

:= f x 7! z

2

; y 7!

f ( z

1

; f ( z

1

; f ( z

1

; f ( i ( z

2

) ; i ( z

2

))))) ; z 7! z

1

g is a most general A G -uni�er of �

A G

.

General metho ds for computing suc h a �nite generating set of solutions of systems

of linear equations in Z can, for example, b e found in [Kn uth 1981, Kannan and

Bac hem 1979, Iliop oulos 1989 a , Iliop oulos 1989 b ].

15

Ev ery equation in the uni�cation problem yields one linear equation.
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Uni�c ation with c onstants

F or A CU -uni�cation with constan ts, there are t w o di�eren t w a ys of extending the

approac h for elemen tary uni�cation to the case of uni�cation with constan ts. The

approac h originally prop osed b y Stic k el [1975] and [1981] �rst solv es an elemen tary

A CU -uni�cation problem, whic h is obtained b y treating free constan ts as v ariables,

and then mo di�es the solutions of the elemen tary problem to obtain solutions of the

problem with constan ts. The other approac h, due to Liv esey and Siekmann [1975]

and describ ed in more detail in [Herold and Siekmann 1987], handles free constan ts

with the help of inhomogeneous linear equations. In the follo wing, w e restrict our

atten tion to this second metho d.

As an example, w e sligh tly mo dify the A CU -uni�cation problem from ab o v e. Let

�

0

A CU

:= f f ( x; f ( x; y )) =

?

A CU

f ( a; f ( z ; f ( z ; z ))) g , where a is a (free) constan t. Of

course, the n um b ers of o ccurrences j x� j

z

0

; j y � j

z

0

; j z � j

z

0

of a v ariable z

0

in tro duced b y

an A CU -uni�er of this problem m ust still solv e the (homogeneous) linear equation

2 x + y = 3 z . F or the free constan t a , ho w ev er, one m ust also tak e in to accoun t that

a already o ccurs once on the righ t-hand side. Th us, the n um b ers j x� j

a

; j y � j

a

; j z � j

a

m ust solv e the follo wing inhomo gene ous equation:

2 x + y = 3 z + 1 :

The minimal (non-trivial) nonnegativ e in teger solutions of this equation are (0 ; 1 ; 0)

and (2 ; 0 ; 1). Ev ery nonnegativ e in teger solution of the equation can b e obtained

as the sum of one of the minimal solution and a solution of the corresp onding

homogeneous equation 2 x + y = 3 z . Consequen tly , eac h of the minimal solutions

of the inhomogeneous equation together with the set of all minimal solutions of

the homogeneous equation giv es rise to one elemen t of the minimal complete set of

A CU -uni�ers of the problem:

f f x 7! f ( z

1

; f ( z

3

; f ( z

3

; z

3

))) ; y 7! f ( a; f ( z

1

; f ( z

2

; f ( z

2

; z

2

)))) ;

z 7! f ( z

1

; f ( z

2

; f ( z

3

; z

3

))) g ;

f x 7! f ( a; f ( a; f ( z

1

; f ( z

3

; f ( z

3

; z

3

))))) ; y 7! f ( z

1

; f ( z

2

; f ( z

2

; z

2

))) ;

z 7! f ( a; f ( z

1

; f ( z

2

; f ( z

3

; z

3

)))) g g :

In the general case, one m ust solv e one inhomogeneous equation for eac h free con-

stan t o ccurring in the uni�cation problem. The uni�ers in the minimal complete

set then corresp ond to all p ossible com binations of the minimal solutions of these

inhomogeneous equations. F or example, if the uni�cation problem con tains the free

constan ts a; b; c , and if the sets of minimal solutions of the inhomogeneous equations

induced b y a; b , and c , resp ectiv ely , ha v e cardinalit y 2 ; 3, and 5, then the minimal

complete set is of cardinalit y 2 � 3 � 5 = 30.

Uni�cation with constan ts mo dulo the theories A CUI and A G can b e treated ac-

cordingly . In b oth cases, one w orks in the semiring corresp onding to the theory , and

�rst determines a generating set of solutions for the system of homogeneous equa-

tions corresp onding to the uni�cation problem. Then, one considers the systems of
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inhomogeneous equations induced b y the free constan ts, and for eac h system deter-

mines �nitely man y solutions suc h that all solutions of this system of inhomogeneous

equations can b e represen ted as the sum of one of these particular solutions and

a solution of the homogeneous equation. F rom these sets of solutions, the minimal

complete set of uni�ers can b e computed, as illustrated in the ab o v e example.

F or A G , the fact that the corresp onding semiring is a ring implies that taking

one particular solution for eac h system of inhomogeneous equations is su�cien t.

Consequen tly , A G is unitary b oth for elemen tary uni�cation and for uni�cation

with constan ts, whereas the other t w o theories, though unitary for elemen tary uni-

�cation, are only �nitary for uni�cation with constan ts.

5.2. The class of c ommutative/monoidal the ories

In order to generalize this seman tic approac h to a whole class of theories, let us try

to determine the relev an t common features of the theories A CU , A CUI , and A G .

Using a rather syn tactic p oin t of view, w e ma y observ e that all three theories are

concerned with an asso ciativ e-comm utativ e binary function sym b ol f with a unit e .

In addition, the signature of A G con tains a unary function sym b ol i , whic h b eha v es

lik e an endomorphism for f and e , i.e., i ( f ( x; y )) =

A G

f ( i ( x ) ; i ( y )) and i ( e ) =

A G

e .

This observ ation motiv ates the follo wing de�nition of monoidal theories [Nutt 1990]:

5.1. Definition. An equational theory E is called monoidal i� it satis�es the

follo wing prop erties:

1. S ig ( E ) con tains a binary function sym b ol f and a constan t sym b ol e , and all

other function sym b ols in S ig ( E ) are unary .

2. The sym b ol f is asso ciativ e-comm utativ e with unit e , i.e., f ( f ( x; y ) ; z ) =

E

f ( x; f ( y ; z )), f ( x; y ) =

E

f ( y ; x ), and f ( x; e ) =

E

x .

3. Ev ery unary function sym b ol h 2 S ig ( E ) is an endomorphism for f and e , i.e.,

h ( f ( x; y )) =

E

f ( h ( x ) ; h ( y )) and h ( e ) =

E

e .

Ob viously , the theories A CU , A CUI , and A G are monoidal. Other examples of

monoidal theories are the theories E

h;g

[ E

h;e

[ A CU

g

, E

h;g

[ E

h;e

[ A CUI

g

, and

E

h;g

[ E

h;e

[ A G

g

in tro duced in subsection 3.4. The theory of Bo olean rings and

the theory of comm utativ e rings are not monoidal since their signatures con tain

two binary function sym b ols.

A dra wbac k of the ab o v e de�nition of monoidal theories is that the signature and

the axioms de�ning a theory pla y an imp ortan t r^ ole. In fact, the theory of Ab elian

groups allo ws for man y di�eren t axiomatizations, some of whic h do not satisfy the

de�nition of a monoidal theory . F or example, let g b e a binary function sym b ol and

e b e a constan t sym b ol. The theory

A G

0

:= f g ( x; x ) � e; g ( x; e ) � e; g ( g ( x; g ( e; y )) ; g ( e; z )) � g ( g ( z ; g ( e; y )) ; g ( e; x )) g

is not monoidal since g is neither asso ciativ e nor comm utativ e mo dulo A G

0

. Nev er-

theless, an y mo del of A G

0

is an Ab elian group, where the group op erations f and

i are de�ned as f ( x; y ) := g ( x; g ( e; y )) and i ( x ) := g ( e; x ).
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In order to capture theories lik e A G

0

as w ell, one m ust tak e a more seman tic

p oin t of view. A common feature of the free algebras de�ned b y A CU , A CUI ,

and A G is that the �nitely generated free algebras are dir e ct p owers of the free

algebras in one generator. F or example, it is w ell kno wn that the free Ab elian

group in one generator is just the additiv e group of the in tegers, and that the free

Ab elian group in n generators is the n -fold direct pro duct of this group. As sho wn

in [Baader 1989 b ], this common feature can nicely b e generalized in the categorical

setting in tro duced in subsection 3.3.3:

5.2. Definition. Let E b e an equational theory and F := S ig ( E ). Then E is a

c ommutative theory i� C

F

( E ) is a semi-additiv e category ,

16

i.e.,

1. C

F

( E ) has a zero ob ject.

2. F or ev ery pair of ob jects in C

F

( E ), their copro duct is also their pro duct.

In algebraic terms, the �rst condition means that the initial algebra in V ( E ), i.e.,

T ( F ; ; ) =

=

E

, is of cardinalit y 1. Since the copro duct of T ( F ; X ) =

=

E

and T ( F ; Y ) =

=

E

is simply T ( F ; X ] Y ) =

=

E

(where ] denotes disjoin t union), the second condition

means that the free algebra T ( F ; X ] Y ) =

=

E

is isomorphic to the direct pro duct

T ( F ; X ) =

=

E

� T ( F ; Y ) =

=

E

. In particular, this implies that the �nitely generated

E -free algebras are direct p o w ers of the E -free algebra in one generator.

The theory of Ab elian groups satis�es these prop erties (and th us is comm uta-

tiv e). The theory of Bo olean rings and the theory of comm utativ e rings are not

comm utativ e in the sense of the ab o v e de�nition since the initial algebras con tain

t w o elemen ts (the constan ts 0 and 1).

In order to obtain a more algebraic de�nition of comm utativ e theories, whic h

also mak es clear that all monoidal theories are comm utativ e, w e need t w o more

notions from univ ersal algebra. A constan t sym b ol e 2 F is called idemp otent in E

i� f ( e; : : : ; e ) =

E

e holds for all f 2 F . An y term t ( x

1

; : : : ; x

n

) o v er the signature F

de�nes an n -ary implicit op er ation o

t

in V ( E ): for an algebra A 2 V ( E ), the result

of applying o

t

to elemen ts a

1

; : : : ; a

n

of the carrier of A is obtained b y ev aluating

t ( a

1

; : : : ; a

n

) in A . F or example, the terms g ( x; g ( e; y )) and g ( e; x ) de�ne a binary

and a unary implicit op eration, whic h together with the constan t e satisfy the

axioms of Ab elian groups in all mo dels of A G

0

, i.e., all algebras in V ( A G

0

).

5.3. Pr oposition. L et E b e an e quational the ory and F := S ig ( E ) . Then E is a

c ommutative the ory i�

1. The signatur e F c ontains a c onstant e that is idemp otent in E .

2. Ther e is a binary implicit op er ation � in V ( E ) such that

(a) The c onstant e is a unit for � in al l algebr as in V ( E ) .

(b) F or any n -ary function symb ol h 2 F , the identity h ( x

1

� y

1

; : : : ; x

n

� y

n

) �

h ( x

1

; : : : ; x

n

) � h ( y

1

; : : : ; y

n

) holds in al l algebr as in V ( E ) .

16

See, e.g., [Herrlic h and Strec k er 1973, Baader 1989 b ] for a more precise de�nition of and more

information on semi-additiv e categories.
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Although it is not explicitly required b y the prop osition, the implicit op eration �

turns out to b e asso ciativ e and comm utativ e. Using this prop osition, it is easy to

sho w that the theory A G

0

is indeed comm utativ e: the implicit op eration � is de�ned

b y the term g ( x; g ( e; y )).

Another easy consequence of the prop osition is that ev ery monoidal theory is

comm utativ e: just tak e the explicit asso ciativ e-comm utativ e binary op eration f in

the de�nition of monoidal theories as the implicit op eration � . The theory A G

0

is an example of a comm utativ e theory that is not monoidal. Ho w ev er, it can b e

sho wn [Baader and Nutt 1996] that ev ery comm utativ e theory can b e turned in to

an \equiv alen t" monoidal theory with the help of a signature transformation. F or

this reason, one can in principle use b oth notions synon ymously .

5.3. The c orr esp onding semiring

Let E b e a comm utativ e theory with S ig ( E ) = F . The semiring S

E

corresp onding

to E is obtained b y considering the E -free algebra in one generator, sa y x , and then

taking the set of all endomorphisms of this algebra. Eac h suc h endomorphism is

uniquely determined b y the image of the generator x . The m ultiplication op eration

\ � " in S

E

is just comp osition of morphisms, and the addition op eration \+" is ob-

tained b y argumen t-wise application of the implicit op eration � of the comm utativ e

theory E : ( � + � )( x ) := � ( x ) � � ( x ).

As an example, w e consider the comm utativ e theory A CUI , where the ex-

plicit op eration f serv es as the implicit op eration � . Since the A CUI -free alge-

bra generated b y x consists of t w o equiv alence classes, with represen tativ es x

and e , resp ectiv ely , there are t w o p ossible endomorphisms: 0, whic h is de�ned

b y x 7! e , and 1, whic h is de�ned b y x 7! x . It is easy to see that the op-

eration \+" in S

A CUI

b eha v es lik e disjunction and \ � " lik e conjunction on the

truth v alues 0 and 1. F or example, (0 � 1)( x ) = 1(0( x )) = 1( e ) = e = 0( x ) and

(0 + 1)( x ) = f (0( x ) ; 1( x )) = f ( e; x ) =

A CUI

x = 1( x ). Consequen tly , S

A CUI

is the

t w o-elemen t Bo olean semiring B S .

A w ell-kno wn result for semi-additiv e categories [Herrlic h and Strec k er 1973] sa ys

that morphisms � in the semi-additiv e category C

F

( E ) can b e represen ted as matri-

ces M

�

o v er S

E

suc h that comp osition of morphisms corresp onds to matrix m ultipli-

cation, i.e., M

� �

= M

�

� M

�

. F or example, the morphism � : T ( F ; f x

1

; x

2

g ) =

=

A CUI

!

T ( F ; f y

1

; y

2

g ) =

=

A CUI

de�ned b y � ( x

1

) := f ( y

1

; y

2

) ; � ( x

2

) := y

2

corresp onds to the

matrix

M

�

=

 

f x

1

7! y

1

g f x

1

7! y

2

g

f x

2

7! e g f x

2

7! y

2

g

!

=

 

1 1

0 1

!

:

The second equalit y dep ends on the fact that all E -free algebras in one generator

are isomorphic, and th us a morphism �

ij

: T ( F ; f x

i

g ) =

=

E

! T ( F ; f y

j

g ) =

=

E

can b e

seen as an endomorphism of T ( F f x g ) =

=

E

, i.e., an elemen t of S

E

.
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5.4. R esults on uni�c ation in c ommutative the ories

Let E b e a comm utativ e theory with S ig ( E ) = F . In subsection 3.3.3 w e

ha v e seen that an y E -uni�cation problem o v er F corresp onds to a parallel pair

� ; � : T ( F ; I ) =

=

E

! T ( F ; X ) =

=

E

of morphisms in C

F

( E ), and that an E -uni�er

corresp onds to a morphism � with domain T ( F ; X ) =

=

E

suc h that � � = � � holds in

C

F

( E ).

If w e translate the morphisms in to matrices o v er S

E

, this means that an E -

uni�er of the parallel pair h � ; � i corresp onds to a matrix M o v er S

E

suc h that

M

�

� M = M

�

� M . This corresp ondence is used in [Nutt 1990, Baader 1993] to

c haracterize the uni�cation t yp es of comm utativ e theories b y algebraic prop erties

of the corresp onding semirings. The ro ws of the matrix M are n -tuples of elemen ts

of S

E

, written as ro w v ectors. W e will denote the set of all suc h n -dimensional ro w

v ectors o v er S

E

b y S

n

E

.

5.4. Theorem. A c ommutative the ory E is unitary w.r.t. elementary uni�c ation

i� the c orr esp onding semiring S

E

satis�es the fol lowing c ondition: for al l m; n � 1

and al l m � n -matric es M

1

; M

2

over S

E

the set

U ( M

1

; M

2

) := f v 2 S

n

E

j M

1

� v = M

2

� v g

is �nitely gener ate d, i.e., ther e exist k � 0 and v

1

; : : : ; v

k

2 S

n

E

such that

U ( M

1

; M

2

) = f v

1

� s

1

+ � � � + v

k

� s

k

j s

1

; : : : ; s

k

2 S

E

g .

If f v

1

; : : : ; v

k

g is suc h a �nite generating set for U ( M

�

; M

�

), then the matrix whose

columns are the v ectors v

1

; : : : ; v

k

corresp onds to the most general E -uni�er of

h � ; � i .

Uni�cation with constan ts can also b e reform ulated as a problem in C

F

( E ) for

F = S ig ( E ). T o this end w e view constan ts as sp ecial v ariables that m ust alw a ys

b e substituted for themselv es. Let C b e a �nite set of free constan ts. W e sa y that

a morphism � : T ( F ; X [ C ) =

=

E

! T ( F ; Y [ C ) =

=

E

resp ects the constan ts in C i�

c� = c for all c 2 C . In this case, the matrix M

�

has a sp ecial form:

M

�

=

 

M

h

�

M

i

�

0 U

!

;

where M

h

�

is an jX j � jY j -matrix, M

i

�

is an jX j � jC j -matrix, 0 is the jC j � jY j -matrix

with all en tries 0, and U is the jC j � jC j -unit matrix. The 0-submatrix is due to the

fact that � do es not substitute terms with v ariables for constan ts, and the unit

matrix expresses that � maps an y constan t to itself.

An E -uni�cation problem with constan ts from a �nite set C corresp onds to a

parallel pair h � ; � i of morphisms resp ecting the constan ts in C , and eac h E -uni�er

� of this pair also corresp onds to a morphism resp ecting C . F or the comp onen ts of

the corresp onding matrices, the fact that � is a uni�er of h � ; � i , i.e., that M

�

� M

�

=

M

�

� M

�

, leads to the follo wing equations:

M

h

�

M

h

�

= M

h

�

M

h

�

;
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M

h

�

M

i

�

+ M

i

�

= M

h

�

M

i

�

+ M

i

�

:

The �rst equation is a system of homogeneous equations in S

E

, whereas the second

is a system of inhomogeneous equations.

F rom these observ ations one can deriv e the follo wing c haracterization of the t yp e

\at most �nitary" for uni�cation with constan ts in comm utativ e theories:

17

5.5. Theorem. L et E b e a c ommutative the ory that is unitary w.r.t. elementary

uni�c ation. Then E is at most �nitary w.r.t. uni�c ation with c onstants i� the

c orr esp onding semiring S

E

satis�es the fol lowing c ondition: for al l m; n � 1 , al l

m � n -matric es M

1

; M

2

over S

E

, and al l u

1

; u

2

2 S

m

E

, ther e exist �nitely many

v

1

; : : : ; v

k

2 S

n

E

such that

f w 2 S

n

E

j M

1

� w + u

1

= M

2

� w + u

2

g = f v

i

+ v j 1 � i � k ; v 2 U ( M

1

; M

2

) g :

This conditions means that �nitely man y particular solutions of the system of in-

homogeneous equations, M

1

� x + u

1

= M

2

� x + u

2

, together with the solutions

U ( M

1

; M

2

) of the corresp onding system of homogeneous equations, M

1

� x = M

2

� x ,

generate all solutions of the system of inhomogeneous equations. The assumption

that E is unitary w.r.t. elemen tary uni�cation implies that U ( M

1

; M

2

) is �nitely

generated. The complete set of E -uni�ers can no w b e built from the generating set

of U ( M

1

; M

2

) and the �nitely man y particular solutions of the systems of inhomoge-

neous equations corresp onding to the free constan ts as illustrated in subsection 5.1.

W e close this section b y men tioning some additional results on uni�cation in

comm utativ e theories. Let E b e a comm utativ e theory .

1. F or elemen tary uni�cation, E is either unitary or of t yp e zero.

2. If S

E

is �nite, then E is unitary for elemen tary uni�cation and at most �nitary

for uni�cation with constan ts.

3. If S

E

is a ring and E is unitary for elemen tary uni�cation, then E is also unitary

for uni�cation with constan ts.

4. If E is at most �nitary for uni�cation with constan ts, then E is also at most

�nitary for uni�cation with linear constan t restrictions, and th us also for general

uni�cation.

Pro ofs of these and other in teresting results on uni�cation in comm utativ e/monoidal

theories can b e found in [Baader 1989 b , Nutt 1990, Baader 1993, Baader and

Nutt 1996].

Compared to syn tactic approac hes to uni�cation, the seman tic approac h in tro-

duced here has the disadv an tage that it cannot treat general uni�cation problems

directly . In fact, for a comm utativ e theory E , w e ha v e considered the category

C

F

( E ) for F = S ig ( E ), and ha v e used the fact that this category is semi-additiv e.

F or an extended signature F

1

� F , the category C

F

1

( E ) w ould no longer b e semi-

additiv e, and th us the presen ted approac h to uni�cation in comm utativ e theories

cannot b e applied directly . F or uni�cation with constan ts, w e ha v e sho wn that one

can still w ork within the category C

F

( E ) b y considering sp ecial morphisms. F or

17

Recall that \at most �nitary" means unitary or �nitary .
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arbitrary free function sym b ols suc h an approac h do es not app ear to b e p ossible.

The general metho ds for com bining uni�cation algorithms describ ed in the next

section can, ho w ev er, o v ercome this problem (see result 4. from ab o v e).

6. Com bination of uni�cation algorithms

In applications of equational uni�cation in automated deduction, one is often faced

with the problem of unifying terms con taining sev eral function sym b ols whose prop-

erties are de�ned b y equational theories. F or example, asso ciativ e-comm utativ e

function sym b ols often come in pairs (e.g., the addition op eration + and the m ulti-

plication op eration � of rings). Ho w ev er, a giv en A C - or A CU -uni�cation algorithm

can only treat terms con taining one of these t w o sym b ols, but not b oth. In pro-

gram v eri�cation one ma y encoun ter data structures suc h as sets and lists, and their

com bination (e.g., sets of lists). Since union of sets ( [ ) is asso ciativ e, comm utativ e,

and idemp oten t, and the app end op eration for lists ( app ) is asso ciativ e, uni�cation

of terms con taining b oth A CI - and A -sym b ols is of in terest in this setting. Th us,

the question arises whether w e can use the kno wn A CI

[

- and A

app

-uni�cation al-

gorithms for unifying terms con taining b oth [ and app mo dulo A CI

[

[ A

app

. This

is an instance of the follo wing c ombination pr oblem for uni�c ation algorithms:

Assume that E

1

; : : : ; E

n

are equational theories o v er pairwise disjoin t sig-

natures. Ho w can algorithms for uni�cation mo dulo E

i

( i = 1 ; : : : ; n ) b e

com bined to an algorithm for uni�cation mo dulo E

1

[ � � � [ E

n

?

T o b e more precise, there are t w o v arian ts of this problem: one can either try

to com bine algorithms computing complete sets of uni�ers or decision pro cedures.

It should also b e noted that without the disjoin tness condition there cannot ex-

ist a general com bination metho d.

18

F or example, as men tioned in section 3.4,

D

l

f ;g

-uni�cation and D

r

f ;g

-uni�cation are unitary , whereas uni�cation mo dulo their

union D

f ;g

is in�nitary , whic h sho ws that algorithms computing �nite complete sets

of uni�ers cannot b e com bined in the non-disjoin t case. Section 3.4 also yields a

negativ e example for the com bination of decision pro cedures: D

f ;g

-uni�cation and

A

g

-uni�cation are decidable, whereas uni�cation mo dulo their union is undecidable.

The form ulation of the com bination problem giv en ab o v e is still not quite precise

since it do es not sp ecify whic h kind of E

i

-uni�cation problems (elemen tary , with

constan ts, or general) the comp onen t algorithms m ust b e able to handle. As w e

shall see b elo w, algorithms for uni�cation with constan ts are not quite su�cien t:

the com bination metho d requires algorithms for uni�cation with linear constan t

restrictions for the comp onen t theories E

i

. In particular, algorithms for general E -

uni�cation can b e obtained from algorithms for E -uni�cation with lcr b y com bining

them with an algorithm for syn tactic uni�cation (whic h treats the free function

sym b ols).

18

There are some approac hes that try to w eak en the disjoin tness assumption, but the theories

to b e com bined m ust satisfy rather strong conditions [Ringeissen 1992, Domenjoud, Kla y and

Ringeissen 1994].
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The researc h on the com bination problem w as triggered b y the searc h for a

uni�cation algorithm that can deal with terms con taining sev eral asso ciativ e-

comm utativ e function sym b ols and free sym b ols [Stic k el 1975, Stic k el 1981, F ages

1984, F ages 1987, Herold and Siekmann 1987]. It turned out that the metho ds used

in this particular instance of the com bination problem can easily b e generalized to

other equational theories, pro vided that they satisfy certain restrictions (suc h as

collapse-freeness or regularit y

19

) on the syn tactic form of their de�ning iden tities,

whic h mak e sure that the theories b eha v e similarly to asso ciativit y-comm utativit y

and syn tactic equalit y [Kirc hner 1985, Tid � en 1986, Herold 1986, Y elic k 1987, Boudet

et al. 1989].

The problem of com bining algorithms computing complete sets of uni�ers w as

solv ed in a v ery general form b y Sc hmidt-Sc hau� [1989 b ]. His approac h imp oses no

restriction on the syn tactic form of the iden tities. The only requiremen ts on the

comp onen t theories E

i

are of an algorithmic nature: b oth E

i

-uni�cation problems

with constan ts and so-called \constan t elimination problems" (see [Sc hmidt-Sc hau�

1989 b ] for a de�nition) m ust b e �nitary solv able mo dulo E

i

. Boudet [1993] describ es

a more e�cien t com bination algorithm, whic h dep ends on the same requiremen ts

as the one b y Sc hmidt-Sc hau�.

In the follo wing, w e will describ e the com bination metho d in tro duced in [Baader

and Sc h ulz 1992, Baader and Sc h ulz 1996] in more detail, since it can b e used b oth

for com bining algorithms computing complete sets of uni�ers and for com bining de-

cision pro cedures. Instead of splitting the algorithmic problem to b e solv ed for the

comp onen t theories E

i

in to t w o parts (uni�cation with constan ts and constan t elim-

ination), this metho d requires algorithms (decision pro cedures) for E

i

-uni�cation

with lcr. In this setting, Sc hmidt-Sc hau�'s condition that constan t elimination prob-

lems m ust b e �nitary solv able mo dulo E

i

can b e seen as just one w a y of ensuring

that E

i

-uni�cation with lcr is at most �nitary pro vided that E

i

-uni�cation with

constan ts is at most �nitary .

6.1. A gener al c ombination metho d

Before describing the com bination metho d of Baader and Sc h ulz [1992] and [1996]

formally , w e illustrate the underlying ideas b y a simple example. Let g b e a unary

and f b e a binary function sym b ol. W e consider the theories A

f

and F

g

:= f g ( x ) �

g ( x ) g ,

20

and the (elemen tary) uni�cation problem

�

0

:= f g ( f ( y ; y ))

?

=

E

g ( x ) ; g ( x )

?

=

E

g ( y ) ; x

?

=

E

f ( y ; y ) g

mo dulo their union E := A

f

[ F

g

. In a �rst step, w e transform �

0

in to an equiv alen t

uni�cation problem in decomp osed form, i.e., in to a union of an (elemen tary) A

f

-

19

A theory E is called collapse-free if it do es not con tain an iden tit y of the form x = t where x

is a v ariable and t is a non-v ariable term, and it is called regular if the left- and righ t-hand sides

of the iden tities con tain the same v ariables.

20

Ob viously , =

F

g

is just syn tactic equalit y . The \dumm y" axiom g ( x ) � g ( x ) mak es sure that

g b elongs to S ig ( F

g

).
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uni�cation problem and an (elemen tary) F

g

-uni�cation problem:

� := f z

?

=

A

f

f ( y ; y ) ; x

?

=

A

f

f ( y ; y ) g [ f g ( z )

?

=

F

g

g ( x ) ; g ( x )

?

=

F

g

g ( y ) g :

This has b een ac hiev ed b y replacing \alien" subterms (in the example, just the term

f ( y ; y ) o ccurring on the left-hand side of the �rst equation) b y new v ariables and

in tro ducing appropriate new equations (see [Baader and Sc h ulz 1996] for a formal

de�nition of this decomp osition step).

Unfortunately , it is not su�cien t simply to test the \pure" uni�cation problems

obtained this w a y for solv abilit y . The problem is that these uni�cation problems

still share v ariables, and the single solutions ma y instan tiate these v ariables with

incompatible terms. F or example, �

1

:= f x 7! f ( y ; y ) ; z 7! f ( y ; y ) g solv es the

A

f

-subproblem, and �

2

:= f x 7! g ( x ) ; y 7! g ( x ) ; z 7! g ( x ) g is a solution of the

F

g

-subproblem, but these solutions replace b oth x and z b y di�eren t (ev en non-

uni�able) terms. In order to a v oid suc h incompatible assignmen ts, w e c ho ose a

theory lab el for eac h v ariable: in the subproblem corresp onding to this theory , the

v ariable ma y b e instan tiated, whereas in the other subproblem the v ariable m ust

b e treated as a constan t. F or example, if w e assign

L ( x ) := L ( z ) := A

f

and L ( y ) := F

g

;

then y m ust b e treated as a constan t in the A

f

-subproblem, whereas x and z m ust

b e treated as constan ts in the F

g

-subproblem.

This a v oids incompatible instan tiations of shared v ariables, but also leads to

a new problem: in the example, the equation g ( z ) =

?

F

g

g ( x ) is no longer solv able

since b oth z and x m ust b e treated as (di�eren t) constan ts. This problem can b e

o v ercome b y c ho osing an appropriate v ariable iden ti�cation. In the example, x m ust

b e iden ti�ed with z , whic h can b e ac hiev ed b y replacing ev ery o ccurrence of z b y

x :

�

0

:= f x

?

=

A

f

f ( y ; y ) g [ f g ( x )

?

=

F

g

g ( x ) ; g ( x )

?

=

F

g

g ( y ) g :

Unfortunately , the solutions �

0

1

:= f x 7! f ( y ; y ) g and �

0

2

:= f y 7! x g of the

pure subproblems still cannot b e com bined to a solution of their union, since there

is a cyclic dep endency b et w een the t w o substitutions: x is replaced b y a term

con taining y , and y is replaced b y a term con taining x . Suc h cyclic dep endencies

b et w een solutions of the pure subproblems can �nally b e a v oided b y c ho osing a

linear ordering on the shared v ariables of the uni�cation problem, whic h induces

linear constan t restrictions for the subproblems.

These ideas can b e formalized as follo ws. Let E

1

; : : : ; E

n

b e non-trivial equational

theories o v er disjoin t signatures. An ( E

1

[ � � � [ E

n

)-uni�cation problem � is in

de c omp ose d form i� � = �

1

[ � � � [ �

n

where eac h �

i

is an elemen tary E

i

-uni�cation

problem. As illustrated in the example, it is easy to transform a giv en elemen tary

( E

1

[ � � � [ E

n

)-uni�cation problem in to an equiv alen t problem in decomp osed form

(see [Baader and Sc h ulz 1996] for details). Th us, w e ma y without loss of generalit y

assume that all our ( E

1

[ � � � [ E

n

)-uni�cation problems are in decomp osed form
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� = �

1

[ � � � [ �

n

. A v ariable o ccurring in � is called a shar e d variable i� it o ccurs

in at least t w o of the pure subproblems �

i

.

Let X b e the set of shared v ariables of � = �

1

[ � � � [ �

n

. A variable identi�c ation

can b e represen ted b y a partition � = f P

1

; : : : ; P

k

g of X . F or eac h of the classes

P

i

, let x

i

2 P

i

b e a represen tativ e of this class, and let X

�

:= f x

1

; : : : ; x

k

g b e the

set of these represen tativ es. The substitution that replaces, for all i = 1 ; : : : ; k , eac h

elemen t of P

i

b y its represen tativ e x

i

is denoted b y �

�

. W e denote the result of

applying �

�

to eac h term in �

i

b y �

i

�

�

. F or a giv en partition � of the shared

v ariables of �, let L : X

�

! f 1 ; : : : ; n g b e a lab el ling function , whic h assigns a

theory lab el to eac h v ariable in X

�

, and let < b e a line ar or dering on X

�

. Using L

and < , eac h of the elemen tary E

i

-uni�cation problems �

i

�

�

can b e turned in to an

E

i

-uni�cation problem with linear constan t restrictions h �

i

�

�

; L; < i : the v ariables

x 2 X

�

with lab el L ( x ) 6= i are treated as (free) constan ts in h �

i

�

�

; L; < i , whereas

the other v ariables are still treated as v ariables, and the linear constan t restrictions

are induced b y < .

21

6.1. Pr oposition. L et � := �

1

[ � � � [ �

n

b e an ( E

1

[ � � � [ E

n

) -uni�c ation pr oblem

in de c omp ose d form. Then the fol lowing statements ar e e quivalent:

1. � is solvable, i.e., ther e exists an ( E

1

[ � � � [ E

n

) -uni�er of � .

2. Ther e exists a p artition � , a lab el ling function L : X

�

! f 1 ; : : : ; n g , and a

line ar or dering < on X

�

such that, for al l i = 1 ; : : : ; n , the E

i

-uni�c ation

pr oblem with line ar c onstant r estrictions h �

i

�

�

; L; < i is solvable.

Assume that solv abilit y of E

i

-uni�cation problems with lcr is decidable for i =

1 ; : : : ; n . F or a giv en elemen tary ( E

1

[ � � � [ E

n

)-uni�cation problem �

0

one can

compute an equiv alen t problem in decomp osed form � in p olynomial time. F or

�, there exist only �nitely man y di�eren t triples (� ; L; < ), whic h means that it

is p ossible to compute all p ossible suc h triples, and then test the obtained E

i

-

uni�cation problems with lcr for solv abilit y . Th us, prop osition 6.1 implies that

solv abilit y of elemen tary ( E

1

[ � � � [ E

n

)-uni�cation problems is decidable. T o b e

more precise, instead of deterministically computing all p ossible triples (� ; L; < ),

one can also emplo y a non-deterministic algorithm that \guesses the righ t tuple"

in p olynomial time.

6.2. Theorem. L et E

1

; : : : ; E

n

b e non-trivial e quational the ories over disjoint sig-

natur es. If solvability of E

i

-uni�c ation pr oblems with line ar c onstant r estrictions is

de cidable (in NP) for i = 1 ; : : : ; n , then solvability of elementary ( E

1

[ � � � [ E

n

) -

uni�c ation pr oblems is de cidable (in NP).

In general, it is not p ossible to a v oid the non-determinism inheren t in this com bi-

nation metho d [Sc h ulz 1997]. F or example, the decision problem is p olynomial for

A CUI -uni�cation with lcr, but NP-complete for general A CUI -uni�cation [Baader

21

Non-shared v ariables are assumed to b e larger than all shared v ariables, i.e., there are no

restrictions for the images of these v ariables.
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and Sc h ulz 1993 b , Kapur and Narendran 1992 a ]. This sho ws that the com bina-

tion of an algorithm for syn tactic uni�cation with a decision pro cedure for A CUI -

uni�cation with lcr cannot b e ac hiev ed with the help of a p olynomial com bination

metho d. F or regular and collapse-free theories for whic h, in addition, it is p ossible

to compute most general uni�ers in p olynomial time, one can, ho w ev er, design a

(deterministic) p olynomial com bination pro cedure [Sc h ulz 1999].

The naiv e com bination algorithm obtained b y a direct application of prop osi-

tion 6.1 is highly non-deterministic, and th us do es not lead to satisfactory results

in practice. Optimizations of the com bination algorithm (whic h a v oid this unsatis-

factory b eha vior in man y cases) are describ ed in [Kepser and Ric h ts 1999].

Prop osition 6.1 can also b e used to obtain a metho d for com bining uni�cation

algorithms, i.e., algorithms computing �nite complete sets of uni�ers. In fact, as w e

shall see b elo w, giv en solutions �

i

of the E

i

-uni�cation problems with lcr induced

b y the triple (� ; L; < ) can e�ectiv ely b e com bined in to a solution �

1

� � � � � �

n

of the

original ( E

1

[ � � � [ E

n

)-uni�cation problem. F or a giv en ( E

1

[ � � � [ E

n

)-uni�cation

problem � in decomp osed form, let T

1

; : : : ; T

k

b e all the triples consisting of a

partition �, a lab elling function L , and a linear ordering < on X

�

, and let C

i;j

b e

a complete set of E

i

-uni�ers of the E

i

-uni�cation problem with lcr induced b y T

j

.

Then the set

k

[

j =1

f �

1

� � � � � �

n

j �

i

2 C

i;j

g

is a complete set of ( E

1

[ � � � [ E

n

)-uni�ers of � (see [Baader and Sc h ulz 1996] for

a pro of ).

6.3. Theorem. L et E

1

; : : : ; E

n

b e non-trivial e quational the ories over disjoint sig-

natur es that ar e at most �nitary for E

i

-uni�c ation with line ar c onstant r estrictions.

Then E

1

[ � � � [ E

n

is at most �nitary for elementary uni�c ation.

Although the com bination results (as form ulated in theorem 6.2 and theorem 6.3)

only apply to elemen tary uni�cation in the com bined theory , they can easily b e

extended to general uni�cation. In fact, it is easy to see that syn tactic uni�cation

with lcr is decidable and unitary: just compute the mgu of the uni�cation problem

without lcr, and then test whether it satis�es the constan t restrictions. Th us, one

can simply tak e as one of the E

i

's a \free" theory F suc h that S ig ( F ) con tains all

the free function sym b ols o ccurring in the general uni�cation problem and =

F

is

the syn tactic equalit y on S ig ( F )-terms.

6.2. Pr oving c orr e ctness of the c ombination metho d

In order to sho w soundness of the c ombination metho d (i.e., (2) ! (1) of prop o-

sition 6.1), it is su�cien t to sho w that giv en solutions �

i

of the E

i

-uni�cation

problems with lcr induced b y the triple (� ; L; < ) can indeed b e com bined in to a
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solution �

1

� � � � � �

n

of the original ( E

1

[ � � � [ E

n

)-uni�cation problem in decom-

p osed form � = �

1

[ � � � [ �

n

. First, w e com bine �

1

; : : : ; �

n

in to a solution � of

� �

�

= �

1

�

�

[ � � � [ �

n

�

�

. Ob viously , this implies that �

�

� is a solution of �.

Without loss of generalit y , w e ma y assume that the substitution �

i

maps all

v ariables with lab el i to terms con taining only v ariables with lab el j 6= i (whic h are

treated as free constan ts in �

i

�

�

) or new v ariables, i.e., v ariables not o ccurring in

�. The com bined solution � of � �

�

is de�ned along the linear ordering < .

Let x b e the least v ariable with resp ect to < , and let i b e its lab el. Since the

solution �

i

of �

i

�

�

satis�es the constan t restrictions induced b y < , the term x�

i

do es not con tain an y v ariables with index j 6= i . Th us w e can simply de�ne x� :=

x�

i

.

No w let x b e an arbitrary v ariable with lab el i , and let y

1

; : : : ; y

m

b e the v ariables

with lab els di�eren t from i o ccurring in x�

i

. Since �

i

satis�es the constan t restric-

tions induced b y < , the v ariables y

1

; : : : ; y

m

(whic h are treated as free constan ts in

�

i

�

�

) m ust b e smaller than x . This means that y

1

� ; : : : ; y

m

� are already de�ned.

The term x� is no w obtained from x�

i

b y replacing eac h y

k

b y y

k

� ( k = 1 ; : : : ; m ).

It is easy to see that the substitution � obtained this w a y satis�es � = �

i

�

( i = 1 ; : : : ; n ), i.e., � is an instance of all the substitutions �

i

. Since �

i

is an

E

i

-uni�er of �

i

�

�

, this implies that � is also an E

i

-uni�er of �

i

�

�

, and th us an

E -uni�er of �

i

�

�

. Consequen tly , � is an E -uni�er of � �

�

= �

1

�

�

[ � � � [ �

n

�

�

.

Pro ving c ompleteness of the c ombination metho d (i.e, (1) ! (2) of prop osi-

tion 6.1) turns out to b e a bit more complex. In the follo wing, w e only giv e a

sk etc h of the pro of. Assume that � is a solution of the ( E

1

[ � � � [ E

n

)-uni�cation

problem in decomp osed form � = �

1

[ � � � [ �

n

. This solution can b e used to de�ne

the correct triple (� ; L; < ):

1. Tw o shared v ariables x; y b elong to the same class of � i� x� =

E

y � .

2. If x� is not a v ariables, then L ( x ) = i i� the top sym b ol of x� b elongs to

S ig ( E

i

). Otherwise, L ( x ) := 1 (this is an arbitrary decision).

3. < is an arbitrary linear extension of the strict partial ordering � de�ned b y

x � y i� x� is a strict subterm of y � .

It is easy to see that � is also a solution of � �

�

= �

1

�

�

[ � � � [ �

n

�

�

. F or eac h

i , the substitution � (whic h is a substitution of the com bined signature S ig ( E

1

) [

� � � [ S ig ( E

n

)) can b e turned in to a S ig ( E

i

)-substitution �

i

b y replacing alien

subterms in x� (i.e., subterms starting with a sym b ol not b elonging to S ig ( E

i

))

b y new v ariables in suc h a w a y that =

E

-equiv alen t subterms are replaced b y the

same v ariable. Unfortunately , for an arbitrary E -uni�er � of �, the substitution

�

i

obtained this w a y need not b e a solution of the E

i

-uni�cation problem with

lcr h �

i

�

�

; L; < i . F or this to b e true, � m ust b e normalized in a certain w a y . One

p ossibilit y to obtain an appropriate notion of a normalized substitution is to apply

unfailing completion to the equational theory E

1

[ � � � [ E

n

, and normalize w.r.t.

the ordered rewrite system R obtained this w a y (see [Baader and Sc h ulz 1996]

for details). Since R ma y b e in�nite, it is not necessarily p ossible to compute the

normal form of a giv en term, but this is irrelev an t for the pro of of completeness.

Another p ossibilit y (whic h has the adv an tage that normalization is e�ectiv e) is to
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compute a so-called \la y er-reduced" form [Sc hmidt-Sc hau� 1989 b , Kirc hner and

Ringeissen 1994]. In principles, this normal form is obtained b y applying collapse-

equations as m uc h as p ossible.

A di�eren t w a y of pro ving soundness and completeness of the com bination

metho d describ ed ab o v e w as in tro duced in [Baader and Sc h ulz 1995 a ]: it dep ends

on a represen tation of the free algebra in V ( E

1

[ � � � [ E

n

) o v er coun tably man y

generators as the so-called free amalgamated pro duct of the free algebras in V ( E

i

)

in coun tably man y generators. This approac h can also deal with the com bination

of constrain t solv ers in free structures (where the signature ma y also con tain pred-

icate sym b ols), and it has b een generalized to structures that are not necessarily

free [Baader and Sc h ulz 1995 c , Baader and Sc h ulz 1998]. The com bination metho d

has also b een extended to disuni�cation [Baader and Sc h ulz 1995 b , Kepser 1999].

7. F urther topics

In this article w e ha v e concen trated on uni�cation of �rst-order terms, and ha v e

men tioned only applications in term rewriting and resolution-based theorem pro v-

ing. Ho w ev er, uni�cation is a broad paradigm with applications in almost ev ery

area of automated deduction, and w e w ould lik e to dra w the reader's atten tion

in particular to the t w o c hapters of this handb o ok where v arieties of uni�cation

not co v ered here are treated: higher-order uni�cation [Do w ek 2001] and rigid E -

uni�cation [Degt y arev and V oronk o v 2001 a ] (Chapters 16 and 10 of this Handb o ok).

In addition, w e brie
y men tion in this �nal section a n um b er of imp ortan t v arian ts

of the uni�cation problem that ha v e b een studied in the literature.

Matching

Giv en a pair of terms s; t , the matc hing problem asks for a substitution � suc h that

s� = t . Again, this syn tactic matc hing problem can b e generalized to matc hing

mo dulo an equational theory E , where one asks for a substitution � satisfying

s� =

E

t .

If t do es not con tain v ariables, then matc hing and uni�cation are ob viously the

same problem. In general, one can turn a giv en matc hing problem in to an \equiv a-

len t" uni�cation problem b y replacing the v ariables in t b y new free constan ts. This

transformation sho ws that matc hing mo dulo E can b e reduced to E -uni�cation with

c onstants . B • urc k ert [1989] has sho wn that there exists an equational theory for

whic h elemen tary uni�cation is decidable, but matc hing and uni�cation with con-

stan ts is undecidable. Also, if one is in terested in complete sets of E -matc hers, then

one m ust b e careful ho w to de�ne the instan tiation quasi-ordering [B • urc k ert 1989].

Semiuni�c ation

Semiuni�cation is a deceptiv ely simple com bination of syn tactic matc hing and syn-

tactic uni�cation on �rst-order terms.
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A semiuni�c ation pr oblem consists of a set of pairs of terms

f s

1

�

?

t

1

; : : : ; s

n

�

?

t

n

g

and is called uniform if n = 1. A substitution � is a solution (a semiuni�er ) of suc h

a problem i� there exist substitutions �

1

; : : : ; �

n

suc h that

s

1

� �

1

= t

1

� ; : : : ; s

n

� �

n

= t

n

� :

This simple de�nition b elies the broad v ariet y of applications of semiuni�cation in

term rewriting, t yp e c hec king for programming languages, pro of theory , and compu-

tational linguistics; in addition, pro ving the prop erties of the problem turned out to

b e extremely di�cult. Although it is easy to sho w that so-called principal solutions

(analogous to mgu s in syn tactic uni�cation) alw a ys exist for solv able semiuni�ca-

tion problems, the pro of that the non-uniform case is undecidable is exceedingly

complex; the in terested reader is referred to [Kfoury , Tiuryn and Urzyczyn 1993],

where a review of the results on the non-uniform case is presen ted.

The uniform case is decidable, but it to ok a long time to dev elop a correct,

e�cien t algorithm. A fast algorithm based on the uni�cation-closure metho d, as

w ell as a review of the v arious attempts to pro vide algorithms for the problem, ma y

b e found in [Oliart and Sn yder 1998]. This pap er sho ws that the uniform case can

b e decided in O ( n

2

� ( n )

2

), where n is the size of the t w o input terms, and � is

the functional in v erse of Ac k ermann's function; constructing a principal solution is

somewhat more complex.

Disuni�c ation

A disuni�c ation pr oblem is of the form

f s

1

?

= t

1

; : : : ; s

n

?

= t

n

; s

n +1

?

6= t

n +1

; : : : ; s

n + m

?

6= t

n + m

g ;

where s

1

; : : : ; t

n + m

are terms. A solution of suc h a problem is a substitution �

satisfying s

i

� = t

i

� ( i = 1 ; : : : ; n ) and s

n + j

� 6= t

n + j

� ( j = 1 ; : : : ; m ). Again, this

problem can b e generalized to disuni�cation mo dulo an equational theory E .

In con trast to uni�cation, one m ust distinguish b et w een di�eren t t yp es of solv-

abilit y: for disuni�cation it mak es a di�erence whether solutions are required to

b e ground substitutions (i.e., substitution in tro ducing only v ariable-free terms),

or whether they ma y b e arbitrary substitutions. Both t yp es of solv abilit y ha v e

b een considered in the literature [Colmerauer 1984, Kirc hner and Lescanne 1987,

B • urc k ert 1988, Comon and Lescanne 1989, Comon 1988, Comon 1991, Bun tine

and B • urc k ert 1994, Baader and Sc h ulz 1993 a ], but ground solv abilit y app ears to

b e more in teresting for most applications. It should also b e noted that sometimes

more general problems than the one in tro duced ab o v e are still called disuni�cation

problems (see, e.g., [Comon 1991]).

Sorte d uni�c ation

In man y applications, the domain on whic h the function sym b ols op erate is not

one homogeneous set: it is divided in to di�eren t subsets, whic h on the syn tactic
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lev el are represen ted as sorts. Sorted uni�cation generalizes syn tactic uni�cation

in that the domain of v ariables is restricted to certain sorts. Uni�ers are then

required to b e w ell-sorted in the sense that v ariables can only b e replaced b y

terms of a \compatible" sort. Results for sorted uni�cation strongly dep end on

the expressiv eness of the sort language. An o v erview on sorted uni�cation can,

for example, b e found in [W eiden bac h 1998]; other imp ortan t references on the

topic are [W alther 1983, W alther 1987, Sc hmidt-Sc hau� 1986 a , Sc hmidt-Sc hau�

1989 a , Comon 1989, Meseguer, Goguen and Smolk a 1989, T ommasi 1991, F risc h

and Cohn 1992, W eiden bac h 1996].
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